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Improved chiral nuclear potentials



 Motivation

Nd scattering is the most natural testing ground for chiral 3NF. Large 3NF effects are 
expected/needed at intermediate & higher energies [Nasser’s talk]!
➝  need to increase the accuracy of chiral 2NF:

Chiral 3NF at N3LO & N4LO are derived using DR while the EGM 2NFs employ SFR…
Would like to update πN LECs (and have a flexibility to use different sets of them)
Need to think about relativistic corrections
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Figure 9: nd elastic scattering observables at EN = 65 MeV calculated at di⇥erent orders in the
chiral expansion using the nonlocal (left panel) and local (right panel) chiral NN potentials. For
the local potential, the bands correspond to the variation R0 = 1.0 . . . 1.2 fm and �SFR = 1 . . . 2
GeV.

16

10

12

14

16

18

20

d!
/d
"

  [
m

b/
sr

] Chiral NNLO
Chiral NNNLO
Nijmegen PWA

0 60 120 180
#  [deg]

0

0.1

0.2

A
y

Figure 10: np differential cross section and vector analyzing power at Elab = 50
MeV. Data for the cross section are taken from [108, 111] and for the analyzing
power from [112, 113, 114, 115, 110]. For remaining notations see Fig. 9.
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Figure 11: np differential cross section and vector analyzing power at Elab = 96 MeV.
Data for the cross section are taken from [118, 119, 116]. Data for the analyzing
power are at Elab = 95 MeV and taken from [117]. For remaining notations see
Fig. 9.
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- go to higher orders in the chiral expansion!
- try to reduce finite-cutoff artefacts  [similar philosophy for NLEFT, Dean’s talk]



 Finite-cutoff artifacts
Why cutoff?
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truncated at a given !
order in the expansion

increasingly UV divergent integrals are !
generated through iterations

Ideally, would like to calculate the integrals 
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subtract the UV divergences (                           ) and take the limit            . This is 
not possible in practice (except for pionless EFT)              let    finite and adjust 
bare Ci to exp data (= implicit renormalization).     should be not taken too high !
[Lepage, EE, Meißner, Gegelia], in practice                              (otherwise spurious BS...)
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Price to pay: finite cutoff artifacts (i.e. terms                                  ), may become 
an issue at higher energies (e.g. Elab ~ 200 MeV corresponds to p ~ 310 MeV/c)
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Is it possible to eliminate or at least reduce finite cutoff artifacts? 



 
1st option: !
Renormalizable chiral EFT for NN (Λ=∞) 

  Refrain from doing non relativistic expansion prior to solving the integral equation  !
     ➝  3D equations which fulfill relativistic elastic unitarity, e.g.:
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Kadyshevsky ’68

LO equation is log-divergent (i.e. renormalizable)        can safely take               ! 
corrections beyond LO are to be included perturbatively
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1

paramater-free results for mq dependence of NN observables [EE, Gegelia ’13] and the 
deuteron form factors at LO [EE, Gasparyan, Gegelia, Schindler ’14] !

EE, Gegelia ’12
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Figure 2: Neutron-proton phase shifts and mixing angles calculated using N3LO �EFT potentials of
Ref. [10] (shaded bands) and Ref. [9] (dashed lines) in comparison with the Nijmegen [11] (filled circles)
and SAID [12] (open triangles) partial wave analyses. Also shown are leading-order cutoff-independent
results of Ref. [13] (dotted lines).

The most interesting part of the novel chiral NN force is two-pion (2⇥-) exchange which con-
stitutes the second-longest contribution to the NN potential and, therefore, has significant impact
on the energy dependence of the scattering amplitude. Indeed, its evidence has been confirmed
in the partial wave analysis of the Nijmegen group [14], see also [15]. In agreement with expec-
tations based on phenomenological studies, one observes a very strong attractive isoscalar central
potential. This by far the strongest 2⇥-exchange contribution emerges, however, only at next-to-
next-to-leading order (N2LO) as a correction to the nominally dominant 2⇥-exchange potential at
next-to-leading order (NLO). This peculiar pattern is well understood and can be traced back to
the intermediate excitation of the �(1232) isobar at one of the nucleons which gives rise to a very
strong attractive isoscalar central NN force [8, 16, 17]. In the standard formulation of �EFT based
on pions and nucleons as the only explicit DOFs, all effects of the � (and heavier resonances as
well as heavy mesons) are hidden in the (renormalized) values of (some of the) LECs starting from
the subleading effective Lagrangian. As a consequence, the phenomenologically important 2⇥-
exchange mechanism driven by the � excitation appears only at subleading order from diagrams
involving one insertion of the subleading pion-nucleon vertex. The values of the corresponding
LECs c3,4 are, to a large extent, driven by the � isobar [18] and turn out to be rather large in magni-
tude. It is possible to improve the convergence of the EFT expansion by treating the �-isobar as an
explicit DOF in the effective Lagrangian and counting m� �mN ⇥ M⇥ = O(Q) [19], see also [20]
for an alternative counting scheme. In such a �-full theory, the major part of the strong attractive
2⇥-exchange potential is shifted from N2LO to NLO, while the LECs c3,4 take more natural values
[17].

Having developed �EFT for the NN system, it is natural to address the question of the light
quark-mass- (mq-) dependence of the nuclear force and observables such as e.g. the deuteron bind-

4

 Neutron-proton phase shifts at LO

N3LO, EGM!
N3LO, EM!
LO, Λ ➙ ∞
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order of the chiral expansion

The cutoff Λ should not be chosen too large (spurious bound states, nonlinearities, 
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smaller values of Λ introduce unnecessary errors. !

Typical choice: Λ = 450...600 MeV [N3LO potentials by EGM, EM]

 Regularization of the chiral NN potentials 
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Claim: while the above nonlocal regulator simplifies the determination of the LECs, 
it cuts off some model-independent long-range physics one would like to keep and 
leaves some model-dependent short-range physics one would like to cut off... !
Given that                               is local, local regulator will do a better job! 
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 Regularization of the chiral NN potentials 
Peripheral NN scattering as a long-range filter: insensitive to short-range physics 
and determined by the model-independent long-range interaction (      ). Can be 
computed using Born approximation:  
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Partial-wave matrix elements in momentum space:

becomes insensitive to F for high 
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 Construction of the potential (published local version)

Long-range: Short-range: 
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There are 9 isospin-concerving contact terms whose choice is not unique. Standard:
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 Construction of the potential (published local version)

Long-range: Short-range: 
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One can choose instead a local basis: 
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Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;   more details in the talk by Ingo



 Construction of the potential (published local version)

Long-range: Short-range: 
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Drei-Nukleon-Kraft Vier-Nukleon-Kraft
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One can choose instead a local basis: 
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where

The LECs are determined from NN S-, P-waves and the mixing angle ε1

Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;   more details in the talk by Ingo
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Fig. 4. Resummed potential Vc3 from Eq. (57). The solid (dashed)
line shows the potential for c3 = −3.87 GeV−1 and Mπ = 138
MeV (Mπ = 138/4 MeV), while the dashed-dotted line depicts the
potential for c3 = −1 GeV−1 and Mπ = 138 MeV.

for a < 0 — c.f. Eq. (31) — only here the appearance of the
poles is independent of the sign of the scattering parameters
ci. These unphysical poles are non-perturbative phenomena re-
sulting from the partial resummation of the amplitude.

One may view the location of the poles as a measure of
the breakdown scale of the chiral expansion for the considered
class of diagrams. It is comforting to see that the pole in Vc1 is
located at a rather short distance, namely

r ∼
|c1|M2

π

2πF 2
π

∼ 0.05 fm, (58)

and is shifted to the origin in the chiral limit. On the other hand,
the pole positions in Vc3 are not protected by powers of Mπ and
can be estimated by

r ∼ O

(

(

|c3|
πF 2

π

)1/3
)

∼ O (1 fm) , (59)

using the value c3 = −3.87 GeV−1 from the O(Q2) fit to
πN threshold coefficients of Ref. [33]. Numerically, the poles
appearing in the two terms of Vc3 in Eq. (57) are found to be
located at

r ≃ 0.63 fm, r ≃ 0.81 fm, (60)
see Fig. 4. As shown in this figure, the behavior of the re-
summed potential at short distances and the pole positions only
weakly depend on the values of the pion mass in the case of
Vc3 . It is somewhat surprising that the chiral expansion for the
pion-exchange potential breaks down at the relatively large dis-
tance of ∼ 0.8 fm. This behavior is, to a large extent, caused
by the already discussed enhancement of the diagrams in the
MSS, where loops generate inverse powers of 4πF 2

π rather
than (4πFπ)2, see Eq. (59). An additional enhancement oc-
curs due to the large numerical value of the LEC c3. As shown
in [33], this LEC takes a much more natural value of the or-
der c3 ∼ −1GeV−1 once the ∆-isobar is explicitly taken into
account. Therefore, one might expect that the unphysical poles
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Fig. 5. Convergence of the MSS for Vc3 .

in the potential are shifted closer to the origin in the ∆-full ap-
proach, see Fig. 4. For example, setting c3 = −1GeV−1 the
poles are shifted to

r ≃ 0.41 fm, r ≃ 0.52 fm. (61)

The above arguments therefore suggest that the breakdown
scale for the chiral expansion of the pion-exchange potential
is in the range r ∼ 0.5 . . .0.8 fm. This estimate agrees well
with the findings of various recent studies, see e.g. [34,35,36,
37]. In this context it should be stressed, however, that it would
be insufficient to include the ∆ as a static field, for then its in-
clusion would do nothing but to restore the original strength
of c3 — see discussion in Refs. [38,33]. Thus, only a ∆ with
retained recoils could help, which makes sense only if also the
nucleons are treated as non-static. The corresponding calcula-
tions are very involved and go beyond the scope of this paper.

Given the rather large value of the breakdown scale r ∼
0.8 fm, one might worry about the convergence of the chiral
expansion for the potential at distances of the order 1 . . . 2 fm.
Fortunately, the convergence of the MSS appears to be rather
fast, see Fig. 5. In particular, one observes that the potential
is already very well described by the subleading term in the
MSS. Clearly, the reason for this fast convergence is due to the
exponential falloff of the potential at distances large compared
to the exchanged mass.

It must be stressed that, while the results obtained here
for the resummed potential provide qualitative insights, they
are by no means a complete χPT calculation. In addition to
the omitted baryon recoils, we only picked out time-ordered
graphs that give rise to the MSS. In contrast to near-threshold6

pion–nucleus scattering, where time-ordered graphs involving
two or more pions in the intermediate states can be represented
by contact operators [39], there is, strictly speaking, no jus-
tification for neglecting such diagrams in the NN potential.
On the other hand, the neglected time-ordered graphs in most
cases are suppressed by powers of π compared to the one in

6 More precisely, the argument refers to the case when the momenta
of external pions and nucleons are much smaller than Mπ .
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Fig. 3. Time-ordered MSS-diagram contribution to the nucleon–
nucleon potential. Solid dots (filled rectangles) refer to the leading-
order vertices from the effective Lagrangian proportional to gA (ci).

We will see below how these competing features influence the
convergence of the chiral expansion for this particular set of
diagrams.

To be specific, we consider time-ordered two-nucleon di-
agrams in the MSS as shown in Fig. 3. In this exploratory
study, we restrict ourselves to the isoscalar part of the sublead-
ing ππNN vertex

⟨l1, i|H |l2, j⟩ =
δij

F 2
π
√
ω1ω2

(

2c1M
2
π + c3l1 · l2

)

, (50)

where l1,2 denote the pion momenta, i and j are the pion
isospin quantum numbers and ω1,2 ≡

√

l21,2 +M2
π are the free

pion energies. The potential corresponding to the left diagram
in Fig. 3, where an even number of pion exchanges occurs, is
given by

V nπ(q) = −
3g2A
8F 2n

π

∫

d3l1
(2π)3

. . .
d3ln
(2π)3

(2π)3

× δ(3)(l1 + l2 + . . .+ ln − q)
σ2 · ln σ2 · l1
ω2
1ω

2
2 . . .ω

2
n

× (2c1M
2
π − c3l1 · l2) (2c1M2

π − c3l2 · l3)
× . . . (2c1M

2
π − c3ln−1 · ln) + 1 ↔ 2. (51)

Clearly, the integrals entering this expression are UV divergent.
The divergences, however, are absorbed into 4N contact oper-
ators, and so do not affect r-space expressions for the finite-
range part of the potential that we are discussing here. The r-
space representation of the potential can be obtained straight-
forwardly, leading to

V nπ(r) =
3g2A
4F 2n

π
∇1 ·∇n (2c1M

2
π + c3∇1 ·∇2)

× (2c1M
2
π + c3∇2 ·∇3) . . .

× (2c1M
2
π + c3∇n−1 ·∇n) (52)

× U(r1)U(r2) . . . U(rn)
∣

∣

∣

r1=r2=...=rn=r
,

with

U(r) =
1

4πr
e−Mπr (53)

being the usual Yukawa function. After evaluating the deriva-
tives, one ends up with the isoscalar central potential

V nπ(r) =
3g2A

4(4πF 2
π )n

e−nx

r3n

[

n−2
∑

m=0

m
∑

l=0

ynml(2c1x
2)n−m−1

× cm3 (1 + x)2(m+1−l)(2 + 2x+ x2)l

+ cn−1
3

(

(2 + 2x+ x2)n + 2(1 + x)n
)

]

. (54)

Here we introduced a dimensionless variable x ≡ Mπr and
combinatorial coefficients ynml whose explicit values can be de-
rived straightforwardly. In a completely similar way, one finds
that the second diagram in Fig. 3, where an odd number of
pion exchanges takes place, gives rise to the isovector tensor
and spin-spin potential

V nπ(r) =
g2A

4(4πF 2
π )

n
τ 1 · τ 2

e−nx

r3n

(

σ1 · r̂σ2 · r̂

×

[

n−2
∑

m=0

m
∑

l=0

ynml(2c1x
2)n−m−1cm3 (1 + x)2(m+1−l)

× (2 + 2x+ x2)l + cn−1
3

(

(2 + 2x+ x2)n

+ (1 + x)n)

]

− σ1 · σ2 c
n−1
3 (1 + x)n

)

, (55)

where n = 2k + 1, k ∈ N.
As expected, based on the discussion at the start of this

section, each extra loop in the MSS generates a power of
1/(4πF 2

π), rather than the 1/(4πFπ)2 that is usually assumed
in χPT. This is the way the “enhancement” of MSS diagrams
plays out in the NN potential. These contributions to the po-
tential, V nπ(r), take a particularly simple form if either c1 or
c3 is set to zero. In particular, the central isoscalar potential in
Eq. (54) reads in these two limits

V nπ
c1 (r) =

3g2A
8(2πF 2

π)
n

e−nx

r3n
(c1x

2)n−1(1 + x)2, (56)

V nπ
c3 (r) =

3g2Ac
n−1
3

4(4πF 2
π)

n

e−nx

r3n
[

(2 + 2x+ x2)n + 2(1 + x)n
]

.

Resumming the resulting geometric series leads to the follow-
ing closed-form expressions for the potentials

Vc1(r) =
3g2Ac1M

2
π

32π2F 4
π

e−2x

r4
(1 + x)2

1

1− c2
1
M4

π

4π2F 4
π

e−2x

r2

,

Vc3(r) =
3g2Ac3
64π2F 4

π

e−2x

r6

⎡

⎣

2(1 + x)2

1− c2
3

16π2F 4
π

e−2x

r6 (1 + x)2

+
(2 + 2x+ x2)2

1− c2
3

16π2F 4
π

e−2x

r6 (2 + 2x+ x2)2

⎤

⎦ . (57)

Both Vc3 and Vc1 feature poles at finite values of r > 0 similar
to what we observed for the MSS of meson–nucleus scattering

ci Baru, EE, Hanhart, Hoferichter, Kudryavtsev, Phillips, EPJA 48 (12) 69

Resummed central potential generated by multi-pion exchange (c3-part)

c3 =-3.9 GeV-1

c3 =-1 GeV-1

pole(!) ar r ~ 0.8 fm  but good convergence of the chiral expansion for r > 1fm



 
New chiral NN interactions

Already available:
Completely local (except for the short-range LS-term) potentials @ LO, 
NLO, N2LO [R0 = 1.0, 1.1 and 1.2 fm and ΛSFR = 0.8…1.4 GeV] 
Freunek ’08;  Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk, PRL 111 (2013) 032501;  in preparation

In development (testing)
New version of local-chiral potentials @ LO, NLO, N2LO [ΛSFR up to Infinity, 
PWD MEs and operator form both in r-space and p-space] 

[in collaboration with: Krebs, Nogga, Meißner, Golak, Skibinski, Witala, Kamada]

New improved-chiral potentials up to N3LO [ΛSFR up to Infinity, PWD MEs 
and operator form in p-space] 



 
Some results!
(everything very preliminary)



 l-chiral 2NF: Order-by-order improvement
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Figure 1: S- and P-wave phase shifts at LO (dotted black line), NLO (dashed blue line) and
N2LO (red solid line). In all cases, R0 = 1 fm and �SFR = 2 GeV.
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Figure 2: D-waves and the mixing angles �1 and �2 at LO (dotted black line), NLO (dashed
blue line) and N2LO (red solid line). In all cases, R0 = 1 fm and �SFR = 2 GeV.
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LO

NLO

NNLO

R0 = 1 fm,  ΛSFR = 2 GeV

neutron-proton phase shifts on l-chiral 2NF at LO, NLO and N2LO



 Error budget: local vs nonlocal regulators
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 i-chiral 2NF: Order-by-order improvement

N3LO

N2LO
NLO

LO

R0 = 0.9 fm,  ΛSFR = Infinity [i.e. DR]



 Cutoff dependence: i-chiral vs old EGM’04
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 Cutoff dependence: i-chiral vs old EGM’04
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 Cutoff dependence: i-chiral vs old EGM’04



 l-chiral 2NF: elastic nd scattering order-by-order

100
d
σ

/d
Ω

  
[m

b
/s

r]

LO
NLO
NNLO
CD Bonn

-0.2

-0.1

0

0.1

0.2

A
y

-0.1

0

0.1

iT
1
1

-0.2

-0.1

0

0.1

T
2

0

0 60 120 180

θ  [deg]

-0.1

0

0.1

T
2
1

0 60 120 180

θ  [deg]

-0.1

-0.05

0
T

2
2

Figure 5: nd elastic scattering observables at EN = 10 MeV calculated at di⇥erent orders in
the chiral expansion using the local NN potential. All results correspond to R0 = 1 fm and
�SFR = 2 GeV.
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3 MeV:

R0 = 1 fm  !
ΛSFR = 2 GeV

EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation
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Figure 6: nd elastic scattering observables at EN = 65 MeV calculated at di⇥erent orders in
the chiral expansion using the local NN potential. All results correspond to R0 = 1 fm and
�SFR = 2 GeV.
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65 MeV:

l-chiral 2NF: elastic nd scattering order-by-order

R0 = 1 fm  !
ΛSFR = 2 GeV

EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation
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Figure 7: nd elastic scattering observables at EN = 108 MeV calculated at di⇥erent orders in
the chiral expansion using the local NN potential. All results correspond to R0 = 1 fm and
�SFR = 2 GeV.
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108 MeV:

l-chiral 2NF: elastic nd scattering order-by-order

R0 = 1 fm  !
ΛSFR = 2 GeV

EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation
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Figure 9: nd elastic scattering observables at EN = 65 MeV calculated at di⇥erent orders in the
chiral expansion using the nonlocal (left panel) and local (right panel) chiral NN potentials. For
the local potential, the bands correspond to the variation R0 = 1.0 . . . 1.2 fm and �SFR = 1 . . . 2
GeV.
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65 MeV:

local NLO/N2LO: !
      R0 = 1...1.2 fm, !
      ΛSFR = 1...2 GeV

nonlocal NLO/N2LO/N3LO: !
      Λ = 450...600 MeV, !
      ΛSFR = 500...700 MeV

nd scattering with I-chiral 2NF: Cutoff dependence
EE, Golak, Kamada, Krebs, Meißner, Nogga, Skibinski, Witala, in preparation



 Summary and outlook 

A new generation of chiral NN potentials up to N3LO is being developed: !
       local-chiral (up to N2LO): local interactions, can be used in QMC!
       improved-chiral (up to N3LO): nonlocal potentials!
Common features: better performance at higher energies, less sensitivity to 
cutoffs, no need for SFR, can use ci’s from πN. 

First applications to Nd scattering (no 3NF yet) look very promising: given the 
increased accuracy at intermediate energies, can do interesting physics even !
at the N2LO level. Ongoing work: elastic Nd scattering and breakup, 
inclusion of the 3NF using the same regularization, sensitivity to ci’s, …

Longer-term plans: Nd scattering and light nuclei at N3LO, nuclear 
potentials from chiral EFT with explicit Δ’s, four-body forces, N4LO, …


