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Chiral dynamics of light nuclei



Seemingly very simple formulation is responsible for extremely complex phenomena!

Quark Quark

Gluon

 Facets of strong interactions

From QCD to nuclear physics
lattice nuclear physics

effective chiral Lagrangian (low-energy) nuclear physics



 

Chiral perturbation theory

Ideal world [                       ], zero-energy limit: non-interacting massless GBs !
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs !
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

mu = md = 0

1

mu, md ⌧ �QCD
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 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Pion-nucleon scattering up to Q4 in heavy-baryon ChPT
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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 Nucleon-nucleon potential at N3LO
van Kolck et al.’94; Friar & Coon ’94; Kaiser et al. ’97; E.E. et al. ’98,‘03; Kaiser ’99-’01; Higa, Robilotta ’03; …
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np cross section @ 50 MeV

Entem-Machleidt,  EE-Glöckle-Meißner

Long-range: parameter-free (all LECs from πN)
Short-range part: 24 LECs tuned to NN data
Accurate description of NN data up to ~ 200 MeV

Recent reviews:!
    EE, Prog. Part Nucl. Phys. 57 (06) 654;  !
    EE, Hammer, Meißner, Rev. Mod. Phys. 81 (09) 1773; !
    Entem, Machleidt, Phys. Rept. 503 (11) 1;  !
    EE, Meißner, Ann. Rev. Nucl. Part. Sci. 62 (12) 159. 



 Some other topics & ongoing developments

Optimized N2LO chiral nuclear force (tune LECs to reduce the impact of 3NF in the 3N & 4N 
systems) Ekström, Baardsen, et al. ’13.  Justified from an EFT point of view?

Generalization to the SU(3) sector Haidenbauer, Meißner, Kaiser, Petschauer, Nogga, …

Merging chiral EFT with dispersion relations s
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Fig. 1. Cuts of the partial wave NN amplitude in the complex s-plane. The first,
second and third left-hand cuts start at s = 4m2

N � (nM�)2, n = 1, 2, 3. The first
and second right-hand cuts due to inelastic channels start at the one- and two-pion
production thresholds s = (2mN + nM�)2 with n = 1, 2. Further, µM denotes the
matching point as explained in the text.

corresponding to the deuteron bound state in the 3S1�3D1 channel, there are
right- and left-hand cuts as shown in Fig. 1. The right-hand cuts correspond to
intermediate states in the s-channel and start from the two-nucleon threshold,
s = 4m2

N .

The discontinuity of the amplitude across this cut is determined by the uni-
tarity condition

�T (s) ⇤ 1

2 i
(T (s+ i�)� T (s� i�)) = T (s+ i�) ⇤(s)T (s� i�) + . . . , (1)

where the dots stand for inelastic channel contributions which start at the
pion production threshold, s = (2mN +M�)2. The phase-space function ⇤(s)
and the amplitude T (s) in Eq. (1) turn into 2 ⇥ 2 matrices for the coupled
partial waves.

It is advantageous to discriminate between the two sources of branch cuts in
the scattering amplitudes. The so-called generalized potential U(s) collects
all contributions emerging from the left-hand cuts only. Given the generalized
potential, the full scattering amplitudes may be reconstructed in terms of the
non-linear integral equation

T (s ) = U(s ) +
� ⇤

4m2
N

ds⇥

⇥

s� µ2
M

s⇥ � µ2
M

T (s) ⇤(s⇥)T �(s⇥)

s⇥ � s� i�
. (2)

Obviously, the solution of this equation recovers the right-hand cut in agree-
ment with the elastic unitarity constraints. Since we neglect the contributions
from inelastic channels in Eq. (1), U(s) is well-defined only up to some s = ⇥s

below which the inelastic contributions are small. We choose this value to
correspond to the two-pion production threshold ⇥s = (2mN + 2M�)2. The
dependence of our results on a particular choice of ⇥s will turn out to be
rather weak, see section 4. At the matching point s = µ2

M , the scattering
amplitude T (s) per construction equals the generalized potential U(s). We

3

Calculate the discontinuity of the amplitude along 
the left-hand cut using ChPT 

Reconstruct the amplitude in the physical region !
using dispersion relations + analytic cont. (conformal mapping)

Renormalitazion and power counting

Albaladejo, Oller ’11,’12; Gasparyan, EE, Lutz ’12;  Guo, Oller, Rios ’13

Locally regularized chiral potentials Gezerlis, Tews, EE, Gandolfi, Hebeler, Nogga, Schwenk ’13;  EE et al. in progress

van Kolck, Pavon Valderrama, Brise, Gegelia, EE, Machleidt, … 

New generation of chiral NN potentials

Nuclear parity violation Schindler, Viviani, Kievski, Girlanda, de Vries, van Kolck, Kaiser, Meißner, EE, …

and the role of the chiral two-pion exchange potentialPartial wave analysis
Rentmeester et al.,  Birse, McGovern,  Navarro Perez, Ruiz Arriola et al.



 
The three-nucleon force

n

p

n

r12

r31

r23

Kalantar-Nayestanaki, EE, Messchendorp, Nogga, Rev. Mod. Phys. 75 (2012) 016301!
Kistryn, Stephan, J. Phys. G: Nucl. Part. Phys. 40 (2013) 063101

Inspite of decades of efforts, the structure of the 3NF is still poorely understood… 



 Most general structure of a local 3NF

2

Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = τ 1 · τ 3 G̃2 = τ 1 · τ 3

G3 = σ⃗1 · σ⃗3 G̃3 = σ⃗1 · σ⃗3

G4 = τ 1 · τ 3σ⃗1 · σ⃗3 G̃4 = τ 1 · τ 3 σ⃗1 · σ⃗3

G5 = τ 2 · τ 3σ⃗1 · σ⃗2 G̃5 = τ 2 · τ 3 σ⃗1 · σ⃗2

G6 = τ 1 · (τ 2 × τ 3)σ⃗1 · (σ⃗2 × σ⃗3) G̃6 = τ 1 · (τ 2 × τ 3) σ⃗1 · (σ⃗2 × σ⃗3)

G7 = τ 1 · (τ 2 × τ 3)σ⃗2 · (q⃗1 × q⃗3) G̃7 = τ 1 · (τ 2 × τ 3) σ⃗2 · (r̂12 × r̂23)

G8 = q⃗1 · σ⃗1q⃗1 · σ⃗3 G̃8 = r̂23 · σ⃗1 r̂23 · σ⃗3

G9 = q⃗1 · σ⃗3q⃗3 · σ⃗1 G̃9 = r̂23 · σ⃗3 r̂12 · σ⃗1

G10 = q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃10 = r̂23 · σ⃗1 r̂12 · σ⃗3

G11 = τ 2 · τ 3q⃗1 · σ⃗1q⃗1 · σ⃗2 G̃11 = τ 2 · τ 3 r̂23 · σ⃗1 r̂23 · σ⃗2

G12 = τ 2 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗2 G̃12 = τ 2 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗2

G13 = τ 2 · τ 3q⃗3 · σ⃗1q⃗1 · σ⃗2 G̃13 = τ 2 · τ 3 r̂12 · σ⃗1 r̂23 · σ⃗2

G14 = τ 2 · τ 3q⃗3 · σ⃗1q⃗3 · σ⃗2 G̃14 = τ 2 · τ 3 r̂12 · σ⃗1 r̂12 · σ⃗2

G15 = τ 1 · τ 3q⃗2 · σ⃗1q⃗2 · σ⃗3 G̃15 = τ 1 · τ 3 r̂13 · σ⃗1 r̂13 · σ⃗3

G16 = τ 2 · τ 3q⃗3 · σ⃗2q⃗3 · σ⃗3 G̃16 = τ 2 · τ 3 r̂12 · σ⃗2 r̂12 · σ⃗3

G17 = τ 1 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃17 = τ 1 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗3

G18 = τ 1 · (τ 2 × τ 3)σ⃗1 · σ⃗3σ⃗2 · (q⃗1 × q⃗3) G̃18 = τ 1 · (τ 2 × τ 3) σ⃗1 · σ⃗3 σ⃗2 · (r̂12 × r̂23)

G19 = τ 1 · (τ 2 × τ 3)σ⃗3 · q⃗1q⃗1 · (σ⃗1 × σ⃗2) G̃19 = τ 1 · (τ 2 × τ 3) σ⃗3 · r̂23 r̂23 · (σ⃗1 × σ⃗2)

G20 = τ 1 · (τ 2 × τ 3)σ⃗1 · q⃗1σ⃗3 · q⃗3σ⃗2 · (q⃗1 × q⃗3) G̃20 = τ 1 · (τ 2 × τ 3) σ⃗1 · r̂23 σ⃗3 · r̂12 σ⃗2 · (r̂12 × r̂23)

TABLE I: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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We adopt now a new basis with 80 operators which can be generated by 20 operators given in momentum and
coordinate space in Table I. We also give relations between old and new structure functions Fi: In order to distinguish

n

p

n

r12

r31

r23

Most general local isospin-conserving 3NF can be written via

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

V (q1, q2, q3) =
20X

i=1

Gi Fi(q1, q2, q3) + permutations

V (r12, r23, r31) =
20X

i=1

Gi Fi(r12, r23, r31) + permutations

ci

D

⌘U †HU⌘

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
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⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1
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⇤
, p
⇤

⌘
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⇤
, p
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1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

V (q1, q2, q3) =
20X

i=1

Gi Fi(q1, q2, q3) + permutations
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20X

i=1

G̃i Fi(r12, r23, r31) + permutations

ci

D
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ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))
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⇤
, p
⇤

⌘

1

(2 operators out of the 22 given in Krebs, Gasparyan, EE, PRC87 (2013) 
are redundant  EE, Gasparyan, Krebs, Schat, in preparation)
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3NF structure functions at large distance are!
model-independent and parameter-free predictions!
based on χ symmetry of QCD + exp. information on πN system
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NLO (Q2)

Weinberg ’91, van Kolck ’94
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energy

hA c�i , d�
i , . . .
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s /⌅M�
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Mphys
�

⇥
⌅a�1

t /⌅M�

⇤

Mphys
�

� ⌅ ⌃
�����

⌅
0.771(14)

⌅a�1
s

⌅M�

����
Mphys

�

+ 0.934(11)
⌅a�1

t

⌅M�

����
Mphys

�

� 0.069(6)
⇧�mq
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����� < 0.0015

⌅⌥
(23 + 32)2 � 168 � 1

⇧2

(1)

a+ = (7.6 ± 3.1) ⇥ 10�3M�1
� (2)

a� = (86.1 ± 0.9) ⇥ 10�3M�1
� (3)

m� � mN ⇤ M� (4)

V static
3N =

22⌃

i=1

Gi(⇧⇥1, ⇧⇥2, ⇧⇥3, ⇤ 1, ⇤ 2, ⇤ 3,⇧r12,⇧r23) Fi(r12, r23, r31) + permutations

(5)

c�3 = �2c�4 = �
4h2

A

9(m� � mN)
⇧ �2.7 GeV�1 (6)

Q ⇤ M� (7)

⇤ 1
m��mN

(8)

⇤ 1
(m��mN )2

, . . . (9)

⇤ 1
m��mN

, 1
(m��mN )2

, . . . (10)

V3N =
22⌃

i=1

Gi Fi(r12, r23, r31) + perm. (11)

1

Bernard, Kaiser, Meißner ’97

⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 +Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2A

9(m� �mN )
⌅ 2.8GeV�1

1

Notice: ci receive large Δ(1232) contributions 
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 2π 3NF: Δ-full vs Δ-less (preliminary)
Krebs, Gasparyan, EE, to appear

 Fi(r12=r23=r31) in units of MeV: Δ-less EFT

-6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltaless EFT

tree
+Q4

+Q5 -6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltafull EFT

tree
+¡4

+Q5

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltaless EFT

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltafull EFT

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltaless EFT

tree
+Q4

+Q5 -6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltafull EFT

tree
+¡4

+Q5

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltaless EFT

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltafull EFT

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]
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 2π 3NF: Δ-full vs Δ-less (preliminary)
Krebs, Gasparyan, EE, to appear

Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…

 Fi(r12=r23=r31) in units of MeV: Δ-less EFT
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 2π 3NF: Δ-full vs Δ-less (preliminary)
Krebs, Gasparyan, EE, to appear

Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…

 Fi(r12=r23=r31) in units of MeV: Δ-less EFT
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 Fi(r12=r23=r31) in units of MeV: Δ-full EFT
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 Chiral 3NF@N2LO & nd elastic scattering

The 3NF starts to contribute at N2LO

The LECs D,E can be fixed e.g. from 3H BE 
and nd doublet scattering length 

N2LO

D Eci

leading chiral three-nucleon force

Nd elastic cross sections !
at low energies

NLO

Nd breakup at Ed=130 MeVE. STEPHAN et al. PHYSICAL REVIEW C 82, 014003 (2010)
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FIG. 9. (Color online) Examples of vector analyzing power
distributions obtained for geometries with central values of angles
as shown in the panels. Error bars show statistical uncertainties
alone. Experimental data are compared to bands representing results
of ChPT calculations at N2LO (green, light gray) and N3LO (orange,
dark gray).
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FIG. 11. (Color online) Examples of tensor analyzing power
distributions for the geometries where description of the data by
theoretical calculations is not perfect. Meaning of the bands as in
Fig. 9.
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FIG. 10. (Color online) The same data as in Fig. 9 but compared
to calculations with realistic potentials without (cyan, light gray)
and with (magenta, dark gray) TM99 3N force. The results of the
coupled-channels calculations with the explicit ! excitation, with
and without Coulomb interaction, are shown as solid and dashed
lines, respectively.
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to calculations with the realistic potentials. Meaning of lines and
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 Chiral 3NF@N2LO and 4N scattering 
p-3He differential cross section Ay-puzzle in p-3He elastic scattering
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Fig. 5. p − 3He differential cross sections calculated with the I-N3LO (blue dashed line), the I-N3LO/N-N2LO (blue solid line), and
the AV18/UIX (thin green solid line) interaction models for three different incident proton energies. The experimental data are from
Refs. [34,35,36].
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(thin green solid line) interaction models for three different incident proton energies. The experimental data are from Refs. [37,22,36].
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the AV18/UIX (thin green solid line) interaction models for three different incident proton energies. The experimental data are from
Refs. [34,35,36].
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Fig. 6. p − 3He Ay observable calculated with the I-N3LO (blue dashed line), the I-N3LO/N-N2LO (blue solid line), and the AV18/UIX
(thin green solid line) interaction models for three different incident proton energies. The experimental data are from Refs. [37,22,36].

LECs D,E tuned to the 3H and 4He binding energies, figure from Viviani et al., arXiv:1004.1306

To summarize:
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FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coe⇥cients in

d(⇥p, ⇥p )d and d(⇥p, ⇥d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV�1 sr�2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with � = 56⇥

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit � and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120�. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb e�ect was found to be far too small to ex-

plain the di�erence between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle � between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for � = 56�,
see Fig. 20. The included 3NFs have little e�ect on the
cross section while the e�ect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.
Recently, first results for the 4N continuum based on

both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p�3He scattering, (311) for the n�3He,
p�3H and d�d scattering, and (312) for the related ear-
lier work. These studies do not yet include e�ects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p�3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).
The properties of certain S-shell and P-shell nuclei

with A ⇥ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the �-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a

Nd scattering: accurate description at low energy except 
for Ay (fine tuned) and Space Star breakup configuration
Uncertainty increases with energy  (higher-order 3NF?)
4N continuum: an emerging field...

Impact of the 3NF on heavier systems & nuclear matter in the talks !
by Carlo Barbieri and Arnau Rios Huguet
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 Calculation strategy 
Eucl.-time propagation of A nucleons        transition amplitude 

ground-state energies                                                

Excited state energies can be obtained from a large-t limit of a correlation matrix!
                                             between A-nucleon states       with the proper quantum numb. 
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We use Auxiliary-Field QMC method



 Ground states of 8Be and 12C
EE, Krebs, Lee, Meißner, PRL 106 (11) 192501 

Simulations for 8Be and 12C, L=11.8 fm

Ground state energies (L=11.8 fm) of 4He, 8Be, 12C & 16O

4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6

V
2� =

⇤⇥
1

· ⇤q
1

⇤⇥
3

· ⇤q
3

[q2
1

+M2

� ] [q
2

3

+M2

� ]

⇣
⌧
1

· ⌧
3

A(q
2

) + ⌧
1

⇥ ⌧
3

· ⌧
2

⇤q
1

⇥ ⇤q
3

· ⇤⇥
2

B(q
2

)
⌘

A(3)(q
2

) =
g2A
8F 4

�

⇣
(2c

3

� 4c
1

)M2

� + c
3

q2
2

⌘
, B(3)(q

2

) =
g2Ac4
8F 4

�

,

A(4)(q
2

) =
g4A

256�F 6

�

h
A(q

2

)
⇣
2M4

� + 5M2

�q
2

2

+ 2q4
2

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2

2

i
,

B(4)(q
2

) = � g4A
256�F 6

�

h
A(q

2

)
⇣
4M2

� + q2
2

⌘
+ (2g2A + 1)M�

i

A(5)(q
2

) =
gA

4608�2F 6

�

h
M2

�q
2

2

(F 2

�

⇣
2304�2gA(4ē14 + 2ē
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22

� ē
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37

)
⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q2
2

⇣
5gAc4 � 1152�2ē
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TABLE III: Lattice results at leading order and experimen-
tal values for the root-mean-square charge radius and the
quadrupole moments for 12C.

LO Experiment

r(0+
1 ) [fm] 2.2(2) 2.47(2) [26]

r(2+
1 ) [fm] 2.2(2) �

Q(2+
1 ) [e fm2] 6(2) 6(3) [27]

r(0+
2 ) [fm] 2.4(2) �

r(2+
2 ) [fm] 2.4(2) �

Q(2+
2 ) [e fm2] �7(2) �

TABLE IV: Lattice results at leading order and experimen-
tal values for electromagnetic transitions involving the even-
parity states of 12C.

LO Experiment

B(E2, 2+
1 ! 0+

1 ) [e2 fm4] 5(2) 7.6(4) [29]

B(E2, 2+
1 ! 0+

2 ) [e2 fm4] 1.5(7) 2.6(4) [29]

B(E2, 2+
2 ! 0+

1 ) [e2 fm4] 2(1) �
B(E2, 2+

2 ! 0+
2 ) [e2 fm4] 6(2) �

m(E0, 0+
2 ! 0+

1 ) [e fm2] 3(1) 5.5(1) [17]

moments of the two spin-2 states reflects the oblate shape
of the 2+

1 state and prolate shape of the 2+
2 state.

The leading order results for the electromagnetic tran-
sitions among the even-parity states of 12C are shown in
Table IV. The definitions for these quantities can be
found in Ref. [28]. The agreement with available ex-
perimental values is reasonable. The lattice results at
leading order have a tendency to be somewhat smaller
than experimental values. This presumably reflects the
greater binding energies and smaller radii of the nuclei at
leading order. We also predict electromagnetic decays
involving the 2+

2 state that may be measured experimen-
tally in the near future.

In summary we have presented ab initio lattice cal-
culations which show the structure of the Hoyle state
and find evidence for a low-lying spin-2 rotational ex-
citation. For the ground state and first spin-2 state,
we find mostly a compact triangular configuration of al-
pha clusters. For the Hoyle state and second spin-2
state, we find a bent-arm or obtuse triangular config-
uration of alpha clusters. We have calculated charge
radii, quadrupole moments, and electromagnetic transi-
tions among the low-lying even-parity states of 12C at
leading order. All of the results are in reasonable agree-
ment with experimental values. More work is still needed
such as calculations using smaller lattice spacings. How-
ever these results provide a deeper understanding of the
structure and rotations of the Hoyle state starting from
first principles.
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Figure 7: Left panel: Lattice results of Ref. [83] for the ener-
gies of low-lying even-parity states of 12C compared to exper-
imental values (in units of MeV). Right panel: “Survivability
bands” of carbon-oxigen based life obtained from lattice sim-
ulations of Ref. [84] as explained in the text.
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The crucial quantity that controls the production rate is the energy � of the Hoyle state relative to
the triple-alpha threshold which is experimentally known to be � = 397.47(18) keV. Changing �
by an amount of ±100 keV results in a strong reduction of the formation of 12C and 16O in the
universe making the emergence of carbon-based life impossible. It is, therefore, very interesting
to investigate how this seemingly fine-tuned quantity depends on the fundamental constants of
nature such as mq. We have studied the sensitivity of � to variations of mq within nuclear lattice
simulations in Ref. [84]. Fig. 7 shows the survivability bands of carbon-based life under 1% and
5% changes of mq. Here, Ās,t ⇥ (⇤a�1

1S0,3S1/⇤M⇥)Mphys
⇥

denote the slope of the inverse NN S-wave
scattering lengths as functions of the pion mass. These quantities can, in principle, be computed
in lattice-QCD. The data point in the right panel of Fig. 7 corresponds to the recent N2LO results
of Ref. [28] for chiral extrapolations of a�1

1S0,3S1 shown in Fig. 3. These findings suggest that the
formation of carbon and oxygen in our universe would survive a ⇤ 2% change in the light quark
mass.
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state

3

FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51
�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole

3

FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51
�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state

Probing (α-cluster) structure of the 01+, 02+ states 
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state
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 Improving on large-t extrapolations
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To compute heavier & non α-like systems, one needs to improve on large-t extrapolations (and/
or reduce sign oscillations)              new „triangulation“ method [use several trial states !
                                                 pre-evolved with different values of           ] 
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We extend Nuclear Lattice Effective Field Theory (NLEFT) to the regime of medium-mass nuclei, and describe
a method which allows us to greatly decrease the uncertainties due to extrapolation at large Euclidean time. We
present results for the ground states of alpha nuclei from 4He to 28Si, calculated up to next-to-next-to-leading
order (NNLO) in the EFT expansion. We discuss systematic errors associated with the momentum-cutoff scale
and the truncation of the EFT expansion. While the long-term objectives of NLEFT are a decrease in the lattice
spacing and the inclusion of higher-order contributions, we show that the missing physics at NNLO can be
approximated by an effective four-nucleon interaction.

PACS numbers: 21.10.Dr, 21.30.-x, 21.60.De

Several ab initio methods are being used to study nuclear
structure. These include coupled-cluster expansions [1], the
no-core shell model [2, 3], the in-medium similarity renor-
malization group approach [4], and Green’s function Monte
Carlo [5]. Nuclear Lattice Effective Field Theory (NLEFT)
is another such approach, in which Chiral EFT for nucleons
is combined with numerical Auxiliary-Field Quantum Monte
Carlo (AFQMC) lattice simulations. NLEFT is different from
other ab initio methods in that it is an unconstrained Monte
Carlo calculation that does not rely on truncated basis expan-
sions or many-body perturbation theory, nor on prior informa-
tion about the structure of the nuclear wave function.

The lattice formulation of Chiral EFT for nucleons is de-
scribed in Ref. [6]. A review of Lattice EFT methods can be
found in Ref. [7], and Refs. [8, 9] provide a comprehensive
overview of Chiral EFT. We have recently applied NLEFT to
describe the structure of the Hoyle state [10, 11] and the de-
pendence of the triple-alpha process on the fundamental pa-
rameters of nature [12]. While these studies show that NLEFT
is successful up to A ≃ 12 nucleons, a key open question is
how large a nucleus can be studied on the lattice. In this letter,
we report the first NLEFT results for medium-mass nuclei.
We compute the ground state energies for all nuclei in the al-
pha ladder up to 28Si using the lattice action established in
Refs. [10, 11]. This shows that even heavier nuclei are within
the reach of NLEFT.

When NLEFT is extended beyond 12C, new theoretical and
computational challenges arise. Our approach to NLEFT is
based on AFQMC in combination with Euclidean time projec-
tion. An advantage of AFQMC is the mild scaling of the com-
putational effort, at present approximately ∼ A2. The main
drawback is the appearance of sign oscillations due to the re-
pulsive nucleon-nucleon interaction at short distances. We are
able to mitigate these sign oscillations in several ways. First,
we use a low momentum-cutoff scale to reduce the strength

of the repulsive core, and present results for a spatial lat-
tice spacing a = (100 MeV)−1 ≡ 1.97 fm, which equals
a momentum-cutoff scale π/a = 314 MeV. Second, we ex-
trapolate to infinite Euclidean time using “triangulation” from
different trial states. This “multi-state” technique (discussed
in detail below) allows us to compute the ground state ener-
gies of 4He, 8Be and 12C with a much better accuracy than in
our earlier work [11], and those of 16O, 20Ne, 24Mg and 28Si
for the first time.

According to Chiral EFT, our calculations are organized
in powers of a generic soft scale Q associated with factors
of momenta and the pion mass. We denote O(Q0) contribu-
tions to the nuclear Hamiltonian as leading order (LO),O(Q2)
as next-to-leading order (NLO), and O(Q3) as next-to-next-
to-leading order (NNLO). The present calculations are per-
formed up to NNLO. We define HLO as the LO lattice Hamil-
tonian and HSU(4) as the LO lattice Hamiltonian with the
pion-nucleon coupling gA = 0 and short-range interactions
that respect Wigner’s SU(4) symmetry, i.e. the spin-isospin
degrees of freedom of the nucleon are all equivalent as four
components of an SU(4) multiplet.

The NLEFT calculations reported here are performed in a
periodic cube of length L = 11.8 fm. Our trial wave function
is denoted |Ψinit

A ⟩, which is a Slater-determinant state com-
posed of delocalized standing waves in the periodic cube, with
A nucleons and the desired spin and isospin quantum num-
bers. Before we enter into the main part of the calculation, we
project |Ψinit

A ⟩ for a time t′ using the Euclidean-time evolution
operator of the SU(4) Hamiltonian, giving

|ΨA(t
′)⟩ ≡ exp(−HSU(4)t

′)|Ψinit
A ⟩, (1)

which we refer to as a “trial state”. In AFQMC, this part of the
calculation requires a single auxiliary field and does not intro-
duce sign oscillations for the systems considered here. The
exponential in Eq. (1) can be viewed as a computationally in-
expensive low-energy filter, which reduces the effort needed
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in the main calculation. For simplicity, we describe our calcu-
lations using the language of continuous time evolution. The
actual AFQMC calculations use transfer matrices with a tem-
poral lattice spacing at = (150 MeV)−1 [7].
We next use HLO to construct the Euclidean-time projec-

tion amplitude

ZA(t) ≡ ⟨ΨA(t
′)| exp(−HLOt)|ΨA(t

′)⟩, (2)

from which we compute the “transient energy”

EA(t) = −∂[lnZA(t)]/∂t. (3)

If the lowest normalizable eigenstate of HLO that possesses a
non-vanishing overlap with the trial state |ΨA(t

′)⟩ is denoted
|ΨA,0⟩, the energy EA,0 of |ΨA,0⟩ is obtained as the t → ∞
limit of EA(t).
The higher-order corrections to EA,0 are evaluated using

perturbation theory. We compute expectation values using

ZO
A (t) ≡ ⟨ΨA(t

′)| exp(−HLOt/2)

×O exp(−HLOt/2)|ΨA(t
′)⟩, (4)

for any operatorO. Given the ratio

XO
A (t) = ZO

A (t)/ZA(t), (5)

the expectation value ofO for the desired state |ΨA,0⟩ is again
obtained in the t → ∞ limit according to

XO
A,0 ≡ ⟨ΨA,0|O|ΨA,0⟩ = lim

t→∞
XO

A (t), (6)

which gives the corrections to EA,0 induced by the NLO and
NNLO contributions.
Sufficiently large projection times t can, in most cases, not

be reached for ZA(t) and ZO
A (t) due to sign oscillations. It is

helpful to note that the closer |ΨA(t
′)⟩ is to |ΨA,0⟩, the less

the required projection time t. The trial state can be optimized
by adjusting both the SU(4) projection time t′ and the strength
of the coupling CSU(4) of HSU(4). Here, we show that the
accuracy of the extrapolation t → ∞ can be further improved
by simultaneously incorporating data frommultiple trial states
that differ in the choice of CSU(4). Such an approach enables
a “triangulation” of the asymptotic behavior as the common
limit of several different functions of t.
The behavior of ZA(t) and ZO

A (t) at large t is controlled
by the low-energy spectrum of HLO. Let |E⟩ label the eigen-
states of HLO with energy E, and let ρA(E) denote the den-
sity of states for a system of A nucleons. For simplicity, we
omit additional labels needed to distinguish degenerate states.
We can then express ZA(t) and ZO

A (t) in terms of their spec-
tral representations,

ZA(t) =

∫

dE ρA(E)
∣

∣⟨E|ΨA(t
′)⟩

∣

∣

2
exp(−Et), (7)

ZO
A (t) =

∫

dE dE′ ρA(E) ρA(E
′) exp(−(E + E′)t/2),

× ⟨ΨA(t
′)|E⟩ ⟨E|O|E′⟩ ⟨E′|ΨA(t

′)⟩, (8)
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FIG. 1: NLEFT results for the LO transient energy EA(t) for A =
16 to A = 28, with CSU(4) given (in MeV−2) for each trial state.
The curves show a fit using a spectral density ρA(E) given by a sum
of three energy delta functions. The fits forEA(t) are correlated with
those of Figs. 2 and 3.

from which the spectral representations of EA(t) and XO
A (t)

are obtained using Eq. (3) and Eq. (5), respectively. We can
approximate these to arbitrary accuracy over any finite range
of t by taking ρA(E) to be a sum of energy delta functions,

ρA(E) ≈
imax
∑

i=0

δ(E − EA,i), (9)

where we use imax = 4 for the calculation of the 4He ground
state, and imax = 3 for A ≥ 8. These choices give a good
description over the full range of t for all trial states, without
introducing too many free parameters. Using AFQMC data
for different values of CSU(4), we perform a correlated fit of
EA(t) and XO

A (t) for all operators O that contribute to the
NLO and NNLO corrections. We find that using 2−6 distinct
trial states for eachA allows for a much more precise determi-
nation of EA,0 and XO

A,0 than hitherto possible. In particular,
we may “triangulate” XO

A,0 using trial states that correspond
to functions XO

A (t) which converge both from above and be-
low, thereby bracketingXO

A,0.
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We also calculated GS energies of 20Ne, 24Mg and 28Si finding an increasing overbinding 
which can be corrected by a single 4N force 
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(a) Initial state “A”,
8 equivalent orientations.

(b) Initial states “B” and “C”,
3 equivalent orientations.

FIG. 1: Schematic illustration of the alpha cluster initial states with
tetrahedral and square configurations. Initial state “C” has the same
geometry as “B” but with a larger radius for each of the four alpha
clusters.

investigate the Euclidean time evolution of specific initial trial
states formed out of alpha clusters. For details on the im-
plementation of such states on the lattice, see Ref. [18]. Our
alpha cluster trial states are illustrated in Figs. 1(a) and 1(b).
In particular, we introduce a tetrahedral configuration of al-
pha clusters which we refer to as initial state “A”, and a set
of square configurations of alpha clusters. From the latter, we
distinguish between initial state “B” where the alpha clusters
are relatively compact, and initial state “C” where the alpha
clusters have a greater spatial extent. In each case the alpha
clusters are overlapping Gaussian distributions with an initial
radius of 2.0 fm for “B” and 2.8 fm for “C”.

Our NLEFT results at LO are shown in Fig. 2, where we
plot the LO energy as a function of Euclidean projection time.
The maximum extent in Nt which can be explored without re-
sorting to an extrapolation is limited by sign oscillations. The
solid lines show exponential fits used for the Nt ! 1 extrap-
olation (see Ref. [20] for more details about this procedure).
In Panel I of Fig. 2, we show our NLEFT results obtained by
starting the Euclidean time projection from a tetrahedral con-
figuration of alpha clusters corresponding to initial state “A”.
The dashed horizontal line in Panel I of Fig. 2 shows the LO
energy for the 0

+
1 ground state of 16O found in Ref. [20], and

the extrapolated energy for initial state “A” is completely con-
sistent with the value �147.3(5) MeV reported in Ref. [20].
We also find excellent agreement between the results based on
initial state “A” and those reported in Ref. [20] for the NLO
and NNLO corrections to the ground state, shown in Fig. 3.
We find evidence for a 3� rotational excitation of this tetrahe-
dral configuration. However, these results will be presented in
a future publication on the odd-parity excitations of 16O.

In Panel II of Fig. 2, we present our NLEFT results for the
LO energy based on Euclidean time projection from initial
states “B” and “C”. As will be shown below, these correspond
to the excited 0

+
2 state of 16O. The extrapolated LO energies

for “B” and “C” give a common value of �145(2) MeV, which
is just slightly above the energy of the ground state. While
there is some overlap between initial states “B” and “C” and
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FIG. 2: NLEFT results for the LO energy as a function of Euclidean
projection time. Panel I shows the approach to the 0+1 ground state of
16O from initial state “A”, and the dashed line shows the extrapolated
value from Ref. [20]. Panel II shows the approach to the excited 0+2
state from initial states “B” and “C”, and the dotted line indicates
the result of the extrapolation Nt ! 1. These extrapolations are
correlated with those for the higher-order corrections shown in Fig. 3.
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FIG. 3: NLEFT results for the higher-order corrections as a function
of Euclidean projection time. The left panel gives the total contri-
bution from the 2NF up to NNLO, including electromagnetic and
strong isospin breaking. The right panel shows the contribution from
the 3NF at NNLO (see Ref. [20]). Dashed lines indicate the extrap-
olated values for initial state “A”, and the dotted lines indicate those
for initial states “B” and “C”. These extrapolations are correlated
with those for the LO energies shown in Fig. 2.

the ground state, it is an order of magnitude smaller than for
the 0

+
2 . Therefore, we find a large window in Nt where the

signal for the 0+2 state can be extracted without a full coupled-
channel analysis.

We are now in a position to verify that the ground state of
16O maintains the tetrahedral arrangement of alpha clusters
characteristic of initial state “A”, and that the excited 0

+
2 state

maintains the square arrangement of alpha clusters in initial
states “B” and “C”. In order to do this, we measure the ex-
pectation value of four-nucleon (4N) density operators, where
each of the four nucleons are located on adjacent lattice sites,
thus forming either a tetrahedron or a square. In Panel I of
Fig. 4, we show the expectation value (in dimensionless lattice
units, or l.u.) of the tetrahedral density operator. The dashed
horizontal line indicates the result h⇢t4Ni ' 23.1(5) l.u. from
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(a) Initial state “A”,
8 equivalent orientations.

(b) Initial states “B” and “C”,
3 equivalent orientations.

FIG. 1: Schematic illustration of the alpha cluster initial states with
tetrahedral and square configurations. Initial state “C” has the same
geometry as “B” but with a larger radius for each of the four alpha
clusters.

investigate the Euclidean time evolution of specific initial trial
states formed out of alpha clusters. For details on the im-
plementation of such states on the lattice, see Ref. [18]. Our
alpha cluster trial states are illustrated in Figs. 1(a) and 1(b).
In particular, we introduce a tetrahedral configuration of al-
pha clusters which we refer to as initial state “A”, and a set
of square configurations of alpha clusters. From the latter, we
distinguish between initial state “B” where the alpha clusters
are relatively compact, and initial state “C” where the alpha
clusters have a greater spatial extent. In each case the alpha
clusters are overlapping Gaussian distributions with an initial
radius of 2.0 fm for “B” and 2.8 fm for “C”.

Our NLEFT results at LO are shown in Fig. 2, where we
plot the LO energy as a function of Euclidean projection time.
The maximum extent in Nt which can be explored without re-
sorting to an extrapolation is limited by sign oscillations. The
solid lines show exponential fits used for the Nt ! 1 extrap-
olation (see Ref. [20] for more details about this procedure).
In Panel I of Fig. 2, we show our NLEFT results obtained by
starting the Euclidean time projection from a tetrahedral con-
figuration of alpha clusters corresponding to initial state “A”.
The dashed horizontal line in Panel I of Fig. 2 shows the LO
energy for the 0

+
1 ground state of 16O found in Ref. [20], and

the extrapolated energy for initial state “A” is completely con-
sistent with the value �147.3(5) MeV reported in Ref. [20].
We also find excellent agreement between the results based on
initial state “A” and those reported in Ref. [20] for the NLO
and NNLO corrections to the ground state, shown in Fig. 3.
We find evidence for a 3� rotational excitation of this tetrahe-
dral configuration. However, these results will be presented in
a future publication on the odd-parity excitations of 16O.

In Panel II of Fig. 2, we present our NLEFT results for the
LO energy based on Euclidean time projection from initial
states “B” and “C”. As will be shown below, these correspond
to the excited 0

+
2 state of 16O. The extrapolated LO energies

for “B” and “C” give a common value of �145(2) MeV, which
is just slightly above the energy of the ground state. While
there is some overlap between initial states “B” and “C” and
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FIG. 2: NLEFT results for the LO energy as a function of Euclidean
projection time. Panel I shows the approach to the 0+1 ground state of
16O from initial state “A”, and the dashed line shows the extrapolated
value from Ref. [20]. Panel II shows the approach to the excited 0+2
state from initial states “B” and “C”, and the dotted line indicates
the result of the extrapolation Nt ! 1. These extrapolations are
correlated with those for the higher-order corrections shown in Fig. 3.
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for initial states “B” and “C”. These extrapolations are correlated
with those for the LO energies shown in Fig. 2.

the ground state, it is an order of magnitude smaller than for
the 0

+
2 . Therefore, we find a large window in Nt where the

signal for the 0+2 state can be extracted without a full coupled-
channel analysis.

We are now in a position to verify that the ground state of
16O maintains the tetrahedral arrangement of alpha clusters
characteristic of initial state “A”, and that the excited 0

+
2 state

maintains the square arrangement of alpha clusters in initial
states “B” and “C”. In order to do this, we measure the ex-
pectation value of four-nucleon (4N) density operators, where
each of the four nucleons are located on adjacent lattice sites,
thus forming either a tetrahedron or a square. In Panel I of
Fig. 4, we show the expectation value (in dimensionless lattice
units, or l.u.) of the tetrahedral density operator. The dashed
horizontal line indicates the result h⇢t4Ni ' 23.1(5) l.u. from
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The triple alpha reaction rate!
as a function of the quark mass 

8THE TRIPLE-ALPHA PROCESS

c�ANU

• the 8Be nucleus is instable, long lifetime � 3 alphas must meet

• the Hoyle state sits just above the continuum threshold
� most of the excited carbon nuclei decay

(about 4 out of 10000 decays produce stable carbon)

• carbon is further turned into oxygen but w/o a resonant condition

⇥a triple wonder !

Testing the Anthropic Principle with Lattice Simulations – Ulf-G. Meißner – INT, Oct., 2012 · ⇥ ⇥ < ⇤ ⇤ > � •

Production of 12C in stars depends sensitively on the energy differences: 

Changing     by ~100 keV destroys production of either 12C or 16O

How robust is     with respect to variations of the light quark mass?

Oberhummer, Csoto, Schlattl, Science 289 (2000) 88
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�0.041

K�
E�
12
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„Survivability bands“ for carbon-oxygen based life 
due to 0.5%, 1%, 5% variation of mq

Quark mass dependence of the triple-α reaction rate
EE, Krebs, Lähde, Lee, Meißner, PRL 110 (2013) 112502;  EPJA 49 (2013)
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up-to-date chiral EFT 
calculation (N2LO):

Berengut et al., PRD 87 (2013)
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 Summary and outlook 

Chiral three-nucleon force
Worked out completely at N3LO and, to a large extent, at N4LO. The N4LO 
contributions are driven by the Δ and appear to be large (as expected) 

Nuclear lattice simulations:

Very good progress on the PWD of the 3NF due to improving on the algorithm

Future plans: heavier nuclei, smaller lattice spacing, N3LO, reactions ...

Alternatively, calculations in EFT with explicit Δ are being performed. For 2π 
3NF both approaches lead to comparable results (with the Δ-full approach 
showing faster convergence). Δ-contributions to other topologies in progress

Improved method for large-t extrapolations allows to access heavier systems 
(calculated GS energies up to 28Si)
Promising results for low-lying states of 12C and 16O, evidence for α-clustering,  
dominant configurations in terms of α-clusters identified

Chiral two-nucleon force
A new generation of chiral NN potentials is underway…


