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Chiral effective field theory for 
light nuclei



 Nuclear chiral effective field theory
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unified description of  ππ,  
πN and NN

consistent many-body  
forces and currents

systematically improvable

bridging different reactions 
(electroweak, π-prod., ...)

precision physics with/from 
light nuclei

contact interactions

multiple GB !
exchange (ChPT)

Nuclear chiral EFT
Weinberg, van Kolck, EE, Glöckle, Meißner, Machleidt, Entem...

- Schrödinger equation for nucleons!
  interacting via contact forces and !
  long-range potentials (pion exchanges)
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derived in ChPT

- access to heavier nuclei (ab initio few-/many-body methods) 
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

3N force: N2LO 3NF included in most calculations !
N3LO 3NF worked out Bernard, EE, Krebs Meißner ’08,’11;  (probably) not yet converged      higher orders   !
numerical PWD developed Golak, Skibinski, Krebs, Hebeler, …, first results available Witala et al.’13

accurate N3LO potentials are available Entem-Machleidt ’03;  EE-Glöckle-Meißner ’04 2N force:

leading (i.e. N3LO) terms worked out EE ’06; contrib. to 4He BE ~ few 100 keV Rospedzik et al. ’064N force:
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Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

3N force: N2LO 3NF included in most calculations !
N3LO 3NF worked out Bernard, EE, Krebs Meißner ’08,’11;  (probably) not yet converged      higher orders   !
numerical PWD developed Golak, Skibinski, Krebs, Hebeler, …, first results available Witala et al.’13

accurate N3LO potentials are available Entem-Machleidt ’03;  EE-Glöckle-Meißner ’04 2N force:

leading (i.e. N3LO) terms worked out EE ’06; contrib. to 4He BE ~ few 100 keV Rospedzik et al. ’064N force:

The „standard“ nuclear chiral !
Hamiltonian has been extensively tested !

in few- and many-body systems



 Chiral Hamiltonian & the 3N/4N continuum
p-3He differential cross section Ay-puzzle in p-3He elastic scattering
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Fig. 5. p − 3He differential cross sections calculated with the I-N3LO (blue dashed line), the I-N3LO/N-N2LO (blue solid line), and
the AV18/UIX (thin green solid line) interaction models for three different incident proton energies. The experimental data are from
Refs. [34,35,36].
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LECs D,E tuned to the 3H and 4He binding energies, figure from Viviani et al., arXiv:1004.1306

To summarize:

25

FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coe⇥cients in

d(⇥p, ⇥p )d and d(⇥p, ⇥d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV�1 sr�2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with � = 56⇥

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit � and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120�. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb e�ect was found to be far too small to ex-

plain the di�erence between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle � between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for � = 56�,
see Fig. 20. The included 3NFs have little e�ect on the
cross section while the e�ect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.
Recently, first results for the 4N continuum based on

both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p�3He scattering, (311) for the n�3He,
p�3H and d�d scattering, and (312) for the related ear-
lier work. These studies do not yet include e�ects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p�3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).
The properties of certain S-shell and P-shell nuclei

with A ⇥ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the �-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a

Nd scattering: accurate description at low energy except 
for Ay (fine tuned) and Space Star breakup configuration

Uncertainty increases with energy  (higher-order 3NF?)

4N continuum: an emerging field...
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two 1+0 states is exchanged depending on cD. Using ex-
trapolation, we can see that the best overall description
is obtained around the cD ≈ −1. This observation is also
supported by excitation energy calculations as well as
by calculations of other transitions. We therefore select
cD = −1 and, from Fig. 1, cE = −0.346 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as
a function of Nmax for both the chiral NN+NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our
other p−shell nuclei.
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FIG. 4: States dominated by p-shell configurations for 10B,
11B, 12C, and 13C calculated at Nmax = 6 using !Ω = 15 MeV
(14 MeV for 10B). Most of the eigenstates are isospin T=0 or
1/2, the isospin label is explicitly shown only for states with
T=1 or 3/2. The excitation energy scales are in MeV.

We display in Fig. 4 the natural parity excitation spec-
tra of four nuclei in the middle of the p−shell with both
the NN and the NN+NNN effective interactions from
ChPT. The results shown are obtained in the largest
basis spaces achieved to date for these nuclei with the
NNN interactions, Nmax = 6 (6!Ω). Overall, the NNN
interaction contributes significantly to improve theory
in comparison with experiment. This is especially well-
demonstrated in the odd mass nuclei for the lowest few
excited states. The celebrated case of the ground state
spin of 10B and its sensitivity to the presence of the NNN
interaction is clearly evident. There is an initial indica-
tion in these spectra that the chiral NNN interaction is
“over-correcting” the inadequacies of the NN interaction
since, e.g. 1+0 and the 4+0 states in 12C are not only in-
terchanged but they are also spread apart more than the
experimentally observed separation. While these results
display a favorable trend with the addition of NNN in-
teraction, there is room for additional improvement and
we discuss the possibilities below.

These results required substantial computer resources.
A typical Nmax = 6 spectrum shown in Fig. 4 and a

set of additional experimental observables, takes 4 hours
on 3500 processors of the LLNL’s Thunder machine. We
present only an illustrative subset of our results here.

Table I contains selected experimental and theoretical
results for 6Li and A = 10 − 13. A total of 71 experi-
mental data are summarized in this table including the
excitation energies of 28 states encapsulated in the rms
energy deviations. Note that the only case of an increase
in the rms energy deviation with inclusion of NNN inter-
action is 13C and it arises due to the upward shift of the
7
2

−

state seen in Fig. 4, an indication of an overly strong
correction arising from the chiral NNN interaction. How-
ever, the experimental 7

2

−

may have significant intruder
components and is not well-matched with our state.

We demonstrated here that the chiral NNN interaction
makes substantial contributions to improving the spectra
and other observables. However, there is room for further
improvement in comparison with experiment. We stress
that we used a strength of the 2π-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed. Since this strength is some-

NCSM calculation of p-shell nuclei with chiral 2NF+3NF Navratil et al. ’07

sensitive to details of the 3NF 

still room for improvement and some open questions
promising results (neutron-rich nuclei, long lifetime of 14C, neutron star radii, ...)
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FIG. 2: (Color online) The deuteron analyzing powers iT11, T20, T21, and T22 for dp elastic scattering at 70, 100, 135, 200, and
250 MeV/N. The light shaded (blue) bands contain predictions of modern NN potentials: AV18, CD Bonn, Nijmegen I and
II. The dark shaded (red) bands result when those potentials are combined with TM99 3NF, properly adjusted to reproduce
the 3H binding energy. The solid line is the result obtained with the combination AV18+Urbana IX. The pd data are: at 70
MeV/N (open circles) from Ref. [25], at 100 MeV/N (open circles) from Ref. [17], at 135 MeV/N (open circles) from Ref. [17]
and (solid circles) from Ref. [24], at 200 MeV/N (solid circles) from Ref. [24], and at 250 MeV/N (open circles) from the present
study.

description for that observable.
For the tensor analyzing power T22, the discrepancies

between the data and the predictions based on 2NFs only
become larger in magnitude and expand to the backward
angles with increasing incident energy. For that observ-
able the predicted 3NF effects are especially large and
similar in magnitude for the 2NFs plus TM99 and Ur-
bana IX models. At 200 MeV/N and less the predictions
taking into account 3NFs have good agreement to the
data at the backward angles, however the data in the
angular region 40◦ ! θc.m. ! 120◦ are not described by
any theoretical predictions. At 250 MeV/N the overall
agreement is improved by taking into account these 3NFs
except for the very backward angles.
All the deuteron analyzing powers, with exception of

T21, reveal at the highest energy 250 MeV/N and around
c.m. angles θc.m. " 120◦ large discrepancies to theory
based on NN forces alone, which are not resolved com-
pletely by the inclusion of the 3NFs. Such behavior of
the deuteron analyzing powers is quite similar to that of
the cross section and proton/neutron analyzing powers
at 250 MeV/N found in Refs. [18, 21].
The energy dependence of the predicted 3NF effects

and the difference between the theory and the data for
the deuteron analyzing powers is not always similar to
that of the cross section and nucleon analyzing power.

The vector analyzing power iT11 and the tensor analyz-
ing power T20 have features similar to those of the cross
section and the proton analyzing power Ap

y. However the
tensor analyzing power T21 and T22 reveal different en-
ergy dependence from that of other observables. Starting
from ∼ 100 MeV/N large 3NF effects are predicted. For
T21 they are of different magnitude for TM99 and Urbana
IX and the T21 data seem to prefer the smaller effects of
Urbana IX. For T22 the large effects of TM99 and Urbana
IX are practically the same. At 200 MeV/N and below
adding 3NFs worsens the description of data in a large
angular region. It is contrary to what happens at the
highest energy 250 MeV/N, where large 3NF effects are
supported by the T22 data in a large angular range.
The results obtained for the highest energy of 250

MeV/N indicate that some significant components are
missing in the calculations, especially in the regions of
higher momentum transfer. One possible candidate is
relativistic effects. We estimated their magnitude for the
deuteron tensor analyzing powers by comparing nonrela-
tivistic and relativistic predictions based on the CD Bonn
potential [34, 35]. They turned out to be small and only
slightly alter the deuteron analyzing powers.
Due to the smallness of the considered relativistic ef-

fects, it appears that important parts of the 3NFs are
missing. In the meson exchange picture used here, con-

Actually, the spin structure of the 3NF is still poorly understood in spite of 
decades of effort! (one of the biggest challenges in nuclear physics)
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Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = τ 1 · τ 3 G̃2 = τ 1 · τ 3

G3 = σ⃗1 · σ⃗3 G̃3 = σ⃗1 · σ⃗3

G4 = τ 1 · τ 3σ⃗1 · σ⃗3 G̃4 = τ 1 · τ 3 σ⃗1 · σ⃗3

G5 = τ 2 · τ 3σ⃗1 · σ⃗2 G̃5 = τ 2 · τ 3 σ⃗1 · σ⃗2

G6 = τ 1 · (τ 2 × τ 3)σ⃗1 · (σ⃗2 × σ⃗3) G̃6 = τ 1 · (τ 2 × τ 3) σ⃗1 · (σ⃗2 × σ⃗3)

G7 = τ 1 · (τ 2 × τ 3)σ⃗2 · (q⃗1 × q⃗3) G̃7 = τ 1 · (τ 2 × τ 3) σ⃗2 · (r̂12 × r̂23)

G8 = q⃗1 · σ⃗1q⃗1 · σ⃗3 G̃8 = r̂23 · σ⃗1 r̂23 · σ⃗3

G9 = q⃗1 · σ⃗3q⃗3 · σ⃗1 G̃9 = r̂23 · σ⃗3 r̂12 · σ⃗1

G10 = q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃10 = r̂23 · σ⃗1 r̂12 · σ⃗3

G11 = τ 2 · τ 3q⃗1 · σ⃗1q⃗1 · σ⃗2 G̃11 = τ 2 · τ 3 r̂23 · σ⃗1 r̂23 · σ⃗2

G12 = τ 2 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗2 G̃12 = τ 2 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗2

G13 = τ 2 · τ 3q⃗3 · σ⃗1q⃗1 · σ⃗2 G̃13 = τ 2 · τ 3 r̂12 · σ⃗1 r̂23 · σ⃗2

G14 = τ 2 · τ 3q⃗3 · σ⃗1q⃗3 · σ⃗2 G̃14 = τ 2 · τ 3 r̂12 · σ⃗1 r̂12 · σ⃗2

G15 = τ 1 · τ 3q⃗2 · σ⃗1q⃗2 · σ⃗3 G̃15 = τ 1 · τ 3 r̂13 · σ⃗1 r̂13 · σ⃗3

G16 = τ 2 · τ 3q⃗3 · σ⃗2q⃗3 · σ⃗3 G̃16 = τ 2 · τ 3 r̂12 · σ⃗2 r̂12 · σ⃗3

G17 = τ 1 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃17 = τ 1 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗3

G18 = τ 1 · (τ 2 × τ 3)σ⃗1 · σ⃗3σ⃗2 · (q⃗1 × q⃗3) G̃18 = τ 1 · (τ 2 × τ 3) σ⃗1 · σ⃗3 σ⃗2 · (r̂12 × r̂23)

G19 = τ 1 · (τ 2 × τ 3)σ⃗3 · q⃗1q⃗1 · (σ⃗1 × σ⃗2) G̃19 = τ 1 · (τ 2 × τ 3) σ⃗3 · r̂23 r̂23 · (σ⃗1 × σ⃗2)

G20 = τ 1 · (τ 2 × τ 3)σ⃗1 · q⃗1σ⃗3 · q⃗3σ⃗2 · (q⃗1 × q⃗3) G̃20 = τ 1 · (τ 2 × τ 3) σ⃗1 · r̂23 σ⃗3 · r̂12 σ⃗2 · (r̂12 × r̂23)

TABLE I: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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We adopt now a new basis with 80 operators which can be generated by 20 operators given in momentum and
coordinate space in Table I. We also give relations between old and new structure functions Fi: In order to distinguish
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Most general structure of a local, isospin-symmetric 3NF
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Reliable estimation of theoretical uncertainties

3

two 1+0 states is exchanged depending on cD. Using ex-
trapolation, we can see that the best overall description
is obtained around the cD ≈ −1. This observation is also
supported by excitation energy calculations as well as
by calculations of other transitions. We therefore select
cD = −1 and, from Fig. 1, cE = −0.346 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as
a function of Nmax for both the chiral NN+NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our
other p−shell nuclei.
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FIG. 4: States dominated by p-shell configurations for 10B,
11B, 12C, and 13C calculated at Nmax = 6 using !Ω = 15 MeV
(14 MeV for 10B). Most of the eigenstates are isospin T=0 or
1/2, the isospin label is explicitly shown only for states with
T=1 or 3/2. The excitation energy scales are in MeV.

We display in Fig. 4 the natural parity excitation spec-
tra of four nuclei in the middle of the p−shell with both
the NN and the NN+NNN effective interactions from
ChPT. The results shown are obtained in the largest
basis spaces achieved to date for these nuclei with the
NNN interactions, Nmax = 6 (6!Ω). Overall, the NNN
interaction contributes significantly to improve theory
in comparison with experiment. This is especially well-
demonstrated in the odd mass nuclei for the lowest few
excited states. The celebrated case of the ground state
spin of 10B and its sensitivity to the presence of the NNN
interaction is clearly evident. There is an initial indica-
tion in these spectra that the chiral NNN interaction is
“over-correcting” the inadequacies of the NN interaction
since, e.g. 1+0 and the 4+0 states in 12C are not only in-
terchanged but they are also spread apart more than the
experimentally observed separation. While these results
display a favorable trend with the addition of NNN in-
teraction, there is room for additional improvement and
we discuss the possibilities below.

These results required substantial computer resources.
A typical Nmax = 6 spectrum shown in Fig. 4 and a

set of additional experimental observables, takes 4 hours
on 3500 processors of the LLNL’s Thunder machine. We
present only an illustrative subset of our results here.

Table I contains selected experimental and theoretical
results for 6Li and A = 10 − 13. A total of 71 experi-
mental data are summarized in this table including the
excitation energies of 28 states encapsulated in the rms
energy deviations. Note that the only case of an increase
in the rms energy deviation with inclusion of NNN inter-
action is 13C and it arises due to the upward shift of the
7
2

−

state seen in Fig. 4, an indication of an overly strong
correction arising from the chiral NNN interaction. How-
ever, the experimental 7

2

−

may have significant intruder
components and is not well-matched with our state.

We demonstrated here that the chiral NNN interaction
makes substantial contributions to improving the spectra
and other observables. However, there is room for further
improvement in comparison with experiment. We stress
that we used a strength of the 2π-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed. Since this strength is some-

success or failure?

is needed in order to test chiral dynamics in nuclear systems, identify/
resolve possible puzzles (is Ay-puzzle a real puzzle?), make reliable 
predictions and guide new experiments
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manifestly short-rangeno distortion of the long-range potential!

No need for an additional spectral function regularization in the TPEP
Use LECs ci, di from πN scattering without any fine tuning

Table 2: Hadron masses and low-energy constants (LECs). m⇡± and m⇡0 denote the charged- and neutral-pion masses,
and Mp and Mn are the proton and neutron masses, respectively, in units of MeV. gA is the axial-vector coupling constant
(dimensionless) and f⇡ the pion decay constant (in units of MeV). The ci belong to the dimension-two ⇡N Lagrangian,
Eqs. (2.57) and (2.66), and are in units of GeV�1, whereas the d̄i are associated with the dimension-three Lagrangian,
Eqs. (2.58) and (2.67), and are in units of GeV�2. Column “NN Potential” lists the values used for a NN potential at N3LO
presented in Section 4.6.3, while column “Peripheral perturbative NN” shows the parameters applied in the peripheral NN
scattering calculations of Section 4.2. Finally, the last column displays values from empirical determinations (see text for
comments).

Peripheral
NN Potential perturbative NN Empirical
(Sec. 4.6.3) (Sec. 4.2)

m
⇡

± 139.5702 139.5702 139.57018(35) [115]
m

⇡

0 134.9766 134.9766 134.9766(6) [115]
M

p

938.2720 938.2720 938.272013(23) [115]
M

n

939.5653 939.5653 939.565346(23) [115]
g
A

1.29a 1.29a 1.2759(45) [130]
f
⇡

92.4 92.4 92.2± 0.2 [115]
c1 –0.81 –0.81 �0.81± 0.15b

c2 2.80 3.28 3.28± 0.23c

c3 –3.20 –3.40 �4.69± 1.34b

c4 5.40 3.40 3.40± 0.04b

d̄1 + d̄2 3.06 3.06 3.06± 0.21c

d̄3 –3.27 –3.27 �3.27± 0.73c

d̄5 0.45 0.45 0.45± 0.42c

d̄14 � d̄15 –5.65 –5.65 �5.65± 0.41c

aConfer discussion of Goldberger-Treiman discrepancy in Section 4.1.1.
bTable 1, Fit 1 of Ref. [138].
cTable 2, Fit 1 of Ref. [123].

Also in the iterative 2PE, we apply the correct np 1PE, i.e., in Eq. (4.25) we replace V1⇡ with V (np)
1⇡ . Thus,

the perturbative relativistic T -matrix for np scattering, taking the exchange of up to two pions into account,
is calculated in the following way,

T (~p 0, ~p) = V (np)
1⇡ (~p 0, ~p) + V (np)

2⇡ (~p 0, ~p)

= V (np)
1⇡ (~p 0, ~p) + V (KBW,np)

2⇡,it (~p 0, ~p) + V 0
2⇡(~p

0, ~p) . (4.30)

As discussed, the expression for V (np)
1⇡ is good to any order we will consider in this article (cf. Section 4.1.1)

and V (KBW,np)
2⇡,it includes all orders. There is no need to break the latter term up into orders, because the

admixture of (very small) higher order contributions from V (KBW,np)
2⇡,it will not a↵ect the accuracy we are

working at. The most important term in the above equation is V 0
2⇡, the irreducible 2PE contributions, for

which we have the low-momentum expansion,

V 0
2⇡ = V

0(2)
2⇡ + V

0(3)
2⇡ + V

0(4)
2⇡ + . . . , (4.31)

with the various V
0(⌫)
2⇡ given in Section 4.1.2. In the calculation of V 0

2⇡, we use the average pion mass
m

⇡

= 138.039 MeV and, thus, neglect the charge-dependence due to pion-mass splitting in irreducible
diagrams. The charge-dependence that emerges from irreducible 2⇡ exchange was investigated in Ref. [137]
and found to be negligible for partial waves with L � 3.

For the T -matrix given in Eq. (4.30), we calculate phase shifts for partial waves with L � 3 and T
lab

 300
MeV (see Ref. [67] for the details of this calculation). The LECs used in this calculation are shown in
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T (~p 0, ~p) = V (np)
1⇡ (~p 0, ~p) + V (np)

2⇡ (~p 0, ~p)

= V (np)
1⇡ (~p 0, ~p) + V (KBW,np)

2⇡,it (~p 0, ~p) + V 0
2⇡(~p

0, ~p) . (4.30)

As discussed, the expression for V (np)
1⇡ is good to any order we will consider in this article (cf. Section 4.1.1)

and V (KBW,np)
2⇡,it includes all orders. There is no need to break the latter term up into orders, because the

admixture of (very small) higher order contributions from V (KBW,np)
2⇡,it will not a↵ect the accuracy we are

working at. The most important term in the above equation is V 0
2⇡, the irreducible 2PE contributions, for

which we have the low-momentum expansion,

V 0
2⇡ = V

0(2)
2⇡ + V

0(3)
2⇡ + V

0(4)
2⇡ + . . . , (4.31)

with the various V
0(⌫)
2⇡ given in Section 4.1.2. In the calculation of V 0

2⇡, we use the average pion mass
m

⇡

= 138.039 MeV and, thus, neglect the charge-dependence due to pion-mass splitting in irreducible
diagrams. The charge-dependence that emerges from irreducible 2⇡ exchange was investigated in Ref. [137]
and found to be negligible for partial waves with L � 3.

For the T -matrix given in Eq. (4.30), we calculate phase shifts for partial waves with L � 3 and T
lab

 300
MeV (see Ref. [67] for the details of this calculation). The LECs used in this calculation are shown in
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were 
tuned to 
improve 
the fit

taken on the 
lower side to 
avoid deeply-
bound states



 Convergence of the χ-expansion (preliminary)

R = 0.9 fm [Λ = 440 MeV]: σtot  =  396  - 15  -  1  +  0  =  380 mbarn

Elab = 25 MeV  [p = 108 MeV]

Q ~ 0.3 expect: ~ 40 ~ 12 ~ 4

Total cross section for neutron-proton scattering
Q2Q0 Q3 Q4
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R = 0.9 fm [Λ = 440 MeV]: σtot  =  396  - 15  -  1  +  0  =  380 mbarn

Elab = 25 MeV  [p = 108 MeV]

Q ~ 0.3 expect: ~ 40 ~ 12 ~ 4

σtot  =  35  +  15  -  7  +   0  =  43 mbarnR = 0.9 fm [Λ = 440 MeV]:

Elab = 200 MeV  [p = 306 MeV]

expect: ~ 17 ~ 12 ~ 8Q ~ 0.7

σtot  =  17  +   6  +  1  +  14  =  38 mbarnR = 1.2 fm [Λ = 330 MeV]:
expect no convergence! Q ~ 1

Total cross section for neutron-proton scattering
Q2Q0 Q3 Q4

σtot  =  918  +  85  +  2  +  11  =  1046 mbarn

Total cross section for neutron-deuteron scattering

R = 0.9 fm [Λ = 440 MeV]:

Elab = 10 MeV  [p = 69 MeV]

Q ~ 0.3 expect: ~ 80 ~ 24 ~ 7

R = 0.9 fm [Λ = 440 MeV]:

Elab = 200 MeV  [p = 306 MeV]

expect: ~ 21 ~ 14 ~ 10Q ~ 0.7
σtot  =  43  +  11  +  8   -    1  =  61 mbarn

σtot  =  20  +  10  +  4  +  20  =  54 mbarnR = 1.2 fm [Λ = 330 MeV]:
expect no convergence! Q ~ 1



 Uncertainty in phase shifts (preliminary)
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 Uncertainty in phase shifts (preliminary)

For an observable X(p), we assign:

T = V + V G0T = V + V G0V + V G0V G0V + . . .

m ! 1
⇢S(~n ) =

X

i,j,k

a†
i,j(~n )[�S]ikak,j(~n )

GS1S2(~n ) ⌘ hrS1⇡I(~n, nt)rS2(
~
0, nt)i

µexp
= 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

V reg
long�range(~p

0, ~p ) = Vlong�range(~p
0, ~p ) exp


� pn

+ p0n

⇤

n

�
(1)

˜f = FourierTransform[f(r/R) � 1] (2)

�X(n)
(p) = Abs

⇣
X(n)

(p) � X(n�1)
(p)

⌘
⇥ Max

 
p

⇤

,
M⇡

⇤

!

(3)

V reg
long�range(~r) = Vlong�range(~r) freg

✓ r

R

◆
(4)

V reg
long�range(~q) = Vlong�range(~q) �

Z
d3l Vlong�range(~q �~l) ˜freg(

~l ) (5)

�i⌃loop(0) ⇠
Z d4l

(2⇡)4

g2
A

F 2
⇡

l
� i

�l0 + i✏

i

l2 � M2
⇡ + i✏

g2
A

F 2
⇡

l
�

⇤�! g2
A

F 2
⇡

 

↵⇤

3
+ �⇤M2

⇡ � 3

32⇡
M3

⇡ + O(⇤

�1
)

!

renorm.�! � 3g2
A

32⇡F 2
⇡

M3
⇡

exp(⇢2/2) ⇠
Z 1

�1
ds exp(�s2/2 � s⇢)

1

to estimate the size of corrections beyond the order Qn.
(if higher-order corrections are available, we use them as a lower bound)
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 Nucleon-nucleon scattering (preliminary)
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 Elastic Nd scattering with N3LO 2NF
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 Elastic Nd scattering with N3LO 2NF
Selected neutron-deuteron scattering observables at Elab = 70 MeV 

(preliminary results with improved-chiral N3LO potential)

Clear room for 3NF effects in the cross section and Aij
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3NF structure functions at large distance are!
model-independent and parameter-free predictions!
based on χ symmetry of QCD + exp. information on πN system
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NLO (Q2)

Weinberg ’91, van Kolck ’94
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energy

hA c�i , d�
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s /⌅M�
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�

⇥
⌅a�1

t /⌅M�
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�

� ⌅ ⌃
�����

⌅
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⌅a�1
s
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����
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�

+ 0.934(11)
⌅a�1

t

⌅M�

����
Mphys

�

� 0.069(6)
⇧�mq
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����� < 0.0015
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(23 + 32)2 � 168 � 1

⇧2

(1)

a+ = (7.6 ± 3.1) ⇥ 10�3M�1
� (2)

a� = (86.1 ± 0.9) ⇥ 10�3M�1
� (3)

m� � mN ⇤ M� (4)

V static
3N =

22⌃

i=1

Gi(⇧⇥1, ⇧⇥2, ⇧⇥3, ⇤ 1, ⇤ 2, ⇤ 3,⇧r12,⇧r23) Fi(r12, r23, r31) + permutations

(5)

c�3 = �2c�4 = �
4h2

A

9(m� � mN)
⇧ �2.7 GeV�1 (6)

Q ⇤ M� (7)

⇤ 1
m��mN

(8)
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(m��mN )2

, . . . (9)

⇤ 1
m��mN

, 1
(m��mN )2
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V3N =
22⌃

i=1

Gi Fi(r12, r23, r31) + perm. (11)

1

Bernard, Kaiser, Meißner ’97

⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 +Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2A

9(m� �mN )
⌅ 2.8GeV�1

1

Notice: ci receive large Δ(1232) contributions 
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Bernard, EE, Krebs, Meißner ’08,’11
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 2π 3NF: Δ-full vs Δ-less (preliminary)
Krebs, Gasparyan, EE, to appear

 Fi(r12=r23=r31) in units of MeV: Δ-less EFT
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 2π 3NF: Δ-full vs Δ-less (preliminary)
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 2π 3NF: Δ-full vs Δ-less (preliminary)
Krebs, Gasparyan, EE, to appear

Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…

 Fi(r12=r23=r31) in units of MeV: Δ-less EFT

-6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltaless EFT

tree
+Q4

+Q5 -6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltafull EFT

tree
+¡4

+Q5

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltaless EFT

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltafull EFT

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltaless EFT

tree
+Q4

+Q5 -6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltafull EFT

tree
+¡4

+Q5

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltaless EFT

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltafull EFT

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

 Fi(r12=r23=r31) in units of MeV: Δ-full EFT
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 Summary

Three-nucleon force

- Worked out completely at N3LO and, to a large extent, at N4LO. The N4LO 
contributions are driven by the Δ and appear to be large (as expected). 

Good progress on the PWD of the 3NF.

- Alternatively, EFT with explicit Δ DOF. For 2π 3NF both approaches yield similar   
results (with the Δ-full approach converging faster). Other topologies in progress.

Chiral two-nucleon force
A new generation of chiral NN potentials is underway

- regulator maintains analytic structure of the ampl.         better performance at high E 
- no need for additional spectral function regularization 
- LECs from πN without fine tuning

Error estimations
Instead of a cutoff variation, we suggest to use a standard ChPT procedure by 
estimating the size of the (missing) higher-order corrections. 

Clear evidence for missing 3NF effects in elastic Nd scattering at E~70-150 MeV
3NF beyond N2LO:


