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„…replacement of field interactions by two-body action-at-a-distance potentials is
a poor approximation in nuclear physics.“

Indeed, 3N calculations based on NN potentials show evidence for missing 3N forces
(e.g. the underbinding of 3H by about 1 MeV). 

Phenomenological parametrization of the 3NF seems not feasible: 
too many possible structures (> 100)
too scarce data base available
too involved calculations

need guidance from a theory

Fujita-Miyazawa, Brazil,
Tucson-Melbourne, 
Urbana IX, 
Illinois, …

Three-nucleon force models



 The three-nucleon force problem
Modern phenomenological NN potentials (AV18, CDBonn, Nijm I,II, Reid93, …) 

classification of Ref. [6]:

Class I: VI = ↵I + �I ⌧ 1 · ⌧ 2 ,

Class II: VII = ↵II ⌧31 ⌧
3
2 ,

Class III: VIII = ↵III (⌧31 + ⌧32 ) ,

Class IV: VIV = ↵IV (⌧31 � ⌧32 ) + �IV [⌧ 1 ⇥ ⌧ 2]3 .

(2.1)

Here, ↵i, �i are position-spin operators and ⌧ i are Pauli isospin matrices of a nucleon i. The operator
�IV has to be odd under a time reversal transformation. While class (I) forces are isospin-invariant, all
other classes (II), (III) and (IV) are isospin-breaking. Class (II) forces, VII, maintain charge symmetry
but break charge independence. They are usually referred to as charge independence breaking (CIB)
forces. Charge symmetry represents invariance under reflection about the 1-2 plane in charge space.
The charge symmetry operator Pcs transforms proton and neutron states into each other and is given
by Pcs = ei⇡T2 with T ⌘

P

i ⌧ i/2 being the total isospin operator. Class (III) forces break charge
symmetry but do not lead to isospin mixing in the NN system, i.e. they do not give rise to transitions
between isospin-singlet and isospin-triplet two-nucleon states. Finally, class (IV) forces break charge
symmetry and cause isospin mixing in the NN system.

Exercise: show that class-III two-nucleon forces do not lead to isospin mixing in the two-nucleon
system, i.e. they commute with the operator T 2. Does this still hold true for systems with three and
more nucleons?

Let us now discuss the position-spin structure of the potential. For the sake of simplicity, I restrict
myself to the isospin-invariant case. The available vectors are given by the position, momentum and spin
operators for individual nucleons: ~r1, ~r2, ~p1, ~p2, ~�1, ~�2. The translational and Galilean invariance of the
potential implies that it may only depend on the relative distance between the nucleons, ~r ⌘ ~r1 � ~r2,
and the relative momentum, ~p ⌘ (~p1 � ~p2)/2. Further constraints due to (i) rotational invariance,
(ii) invariance under a parity operation, (iii) time reversal invariance, (iv) hermiticity as well as (v)
invariance with respect to interchanging the nucleon labels, 1 $ 2, lead to the following operator form
of the potential [7]:

n

1spin, ~�1 · ~�2, S12(~r ), S12(~p ), ~L · ~S, (~L · ~S )2
o

⇥ {1isospin, ⌧ 1 · ⌧ 2} , (2.2)

where ~L ⌘ ~r ⇥ ~p, ~S ⌘ (~�1 + ~�2)/2 and S12(~x ) ⌘ 3~�1 · x̂~�2 · x̂� ~�1 · ~�2 with x̂ ⌘ ~x/|~x |. The operators
entering the above equation are multiplied by scalar operator-like functions that depend on r2, p2 and
L2.

Throughout this work, two-nucleon observables will be computed by solving the Lippmann-Schwinger
equation in momentum space. It is, therefore, instructive to look at the momentum-space representation
of the potential, V (~p 0, ~p ) ⌘ h~p 0|V |~p i, with ~p and ~p 0 denoting the two-nucleon center of mass momenta
before and after the interaction takes place. Following the same logic as above, the most general form
of the potential potential in momentum space can be shown to be:

n

1spin, ~�1 · ~�2, S12(~q ), S12(~k ), i~S · ~q ⇥ ~k, ~�1 · ~q ⇥ ~k ~�2 · ~q ⇥ ~k
o

⇥ {1isospin, ⌧ 1 · ⌧ 2} , (2.3)
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Short-range pieces modeled phenomenological; benefit from the general form of the NN potential!
being rather simple:
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where ~q ⌘ ~p 0 � ~p and ~k ⌘ (~p 0 + ~p )/2. The operators are multiplied with the scalar functions that
depend on p2, p02 and ~p · ~p 0. Notice that contrary to Eq. (2.2) which involves the operator ~p, ~p and ~p 0

that enter Eq. (2.3) denote the corresponding eigenvalues. It should also be emphasized that further
spin-momentum operators contribute in the case of class-IV isospin-breaking interactions.

For low-energy processes I will be focused in here, it is convenient to switch to the partial wave basis
|~p i ! |plmli. A two-nucleon state |p(ls)jmji in the partial-wave basis depends on the orbital angular
momentum l, spin s, the total angular momentum j and the corresponding magnetic quantum number
mj . The partial wave decomposition of the potential in Eq. (2.3) is given by:

hp0(l0s0)j0m0
j |V |p(ls)jmji ⌘ �j0j �m0

jmj
�s0s V

sj
l0l (p

0, p) , (2.4)

with

V sj
l0l (p

0, p) =
X

m0
l,ml

Z

dp̂0 dp̂ c(l0, s, j;m0
l,mj �m0

l,mj) c(l, s, j;ml,mj �ml,mj)

⇥ Y ?
l0m0

l
(p̂0)Ylml

(p̂) hsmj �m0
l|V (~p 0, ~p )|smj �mli , (2.5)

where c(l, s, j;ml,mj �ml,mj) are Clebsch-Gordan coe�cients and Ylml
(p̂) denote the spherical har-

monics. The first two Kronecker �’s on the right-hand side of the first line in Eq. (2.4) reflect the
conservation of the total angular momentum. Rotational invariance of the potential prevents the de-
pendence of the matrix elements on the magnetic quantum number mj . The conservation of the total
spin of the nucleons can be easily verified explicitly for all operators entering Eq. (2.3). I stress, how-
ever, that transitions between the spin-singlet and spin-triplet channels are possible in a more general
case of the broken isospin symmetry. For each individual operator entering Eq. (2.3), the expression
(2.5) can be simplified and finally expressed as an integral over p̂ · p̂ 0 with the integrand being written in
terms of the corresponding scalar function and Legendre polynomials. Explicit formulae can be found
e.g. in [8], see also Ref. [9] for a recent work on this topic.

The Lippmann-Schwinger (LS) equation for the half-shell T -matrix in the partial wave basis has the
form

T sj
l0l (p

0, p) = V sj
l0l (p

0, p) +
X

l00

Z 1

0

dp00 p002

(2⇡)3
V sj
l0l00(p

0, p00)
m

p2 � p002 + i⌘
T sj
l00l(p

00, p) , (2.6)

with m denoting the nucleon mass and ⌘ ! 0+. In the uncoupled case, l is conserved. The relation
between the on-shell S- and T -matrices is given by

Ssj
l0l(p) = �l0l �

i

8⇡2
pmT sj

l0l (p) . (2.7)

The phase shifts in the uncoupled cases can be obtained from the S-matrix via

S0j
jj = exp

⇣

2i�0jj

⌘

, S1j
jj = exp

⇣

2i�1jj

⌘

, (2.8)
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Long-range part due to EM interaction and the one-pion exchange potential

Perfect fit to NN data (χ2 ~ 1)



 Chiral expansion of nuclear forces

Triton binding energy calculated based 
on VNN  is typically under-bound by the 
amount of ~ 1 MeV !

Large discrepancies for the total nucle-
on-deuteron cross section

„evidence“ for missing 3NFs
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FIG. 2: (Color online) The deuteron analyzing powers iT11, T20, T21, and T22 for dp elastic scattering at 70, 100, 135, 200, and
250 MeV/N. The light shaded (blue) bands contain predictions of modern NN potentials: AV18, CD Bonn, Nijmegen I and
II. The dark shaded (red) bands result when those potentials are combined with TM99 3NF, properly adjusted to reproduce
the 3H binding energy. The solid line is the result obtained with the combination AV18+Urbana IX. The pd data are: at 70
MeV/N (open circles) from Ref. [25], at 100 MeV/N (open circles) from Ref. [17], at 135 MeV/N (open circles) from Ref. [17]
and (solid circles) from Ref. [24], at 200 MeV/N (solid circles) from Ref. [24], and at 250 MeV/N (open circles) from the present
study.

description for that observable.
For the tensor analyzing power T22, the discrepancies

between the data and the predictions based on 2NFs only
become larger in magnitude and expand to the backward
angles with increasing incident energy. For that observ-
able the predicted 3NF effects are especially large and
similar in magnitude for the 2NFs plus TM99 and Ur-
bana IX models. At 200 MeV/N and less the predictions
taking into account 3NFs have good agreement to the
data at the backward angles, however the data in the
angular region 40◦ ! θc.m. ! 120◦ are not described by
any theoretical predictions. At 250 MeV/N the overall
agreement is improved by taking into account these 3NFs
except for the very backward angles.
All the deuteron analyzing powers, with exception of

T21, reveal at the highest energy 250 MeV/N and around
c.m. angles θc.m. " 120◦ large discrepancies to theory
based on NN forces alone, which are not resolved com-
pletely by the inclusion of the 3NFs. Such behavior of
the deuteron analyzing powers is quite similar to that of
the cross section and proton/neutron analyzing powers
at 250 MeV/N found in Refs. [18, 21].
The energy dependence of the predicted 3NF effects

and the difference between the theory and the data for
the deuteron analyzing powers is not always similar to
that of the cross section and nucleon analyzing power.

The vector analyzing power iT11 and the tensor analyz-
ing power T20 have features similar to those of the cross
section and the proton analyzing power Ap

y. However the
tensor analyzing power T21 and T22 reveal different en-
ergy dependence from that of other observables. Starting
from ∼ 100 MeV/N large 3NF effects are predicted. For
T21 they are of different magnitude for TM99 and Urbana
IX and the T21 data seem to prefer the smaller effects of
Urbana IX. For T22 the large effects of TM99 and Urbana
IX are practically the same. At 200 MeV/N and below
adding 3NFs worsens the description of data in a large
angular region. It is contrary to what happens at the
highest energy 250 MeV/N, where large 3NF effects are
supported by the T22 data in a large angular range.
The results obtained for the highest energy of 250

MeV/N indicate that some significant components are
missing in the calculations, especially in the regions of
higher momentum transfer. One possible candidate is
relativistic effects. We estimated their magnitude for the
deuteron tensor analyzing powers by comparing nonrela-
tivistic and relativistic predictions based on the CD Bonn
potential [34, 35]. They turned out to be small and only
slightly alter the deuteron analyzing powers.
Due to the smallness of the considered relativistic ef-

fects, it appears that important parts of the 3NFs are
missing. In the meson exchange picture used here, con-

Spin observables in elastic nucleon-deuteron scattering
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Elastic nucleon-deuteron scattering
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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Figure 20. Results of the calculations are subtracted from all corresponding data
points available in the literature for elastic scattering for the energy range of 50-
250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference
between experimental data and calculations with only 2NF (x-axis) and with 3NF
in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades (color online)
and on the right for two different angle ranges in different shades. The label BC refers
to a calculation from the Bochum-Cracow group based on the CD-Bonn two-nucleon
potential and the TM’ 3NF. The label HL refers to a calculation from the Hanover-
Lisbon group. A similar comparison is shown in the bottom four panels for the proton
and deuteron vector analyzing powers. In this case, only the calculations of the HL
have been used and θc.m.>8◦ (color online).
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2

Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = τ 1 · τ 3 G̃2 = τ 1 · τ 3

G3 = σ⃗1 · σ⃗3 G̃3 = σ⃗1 · σ⃗3

G4 = τ 1 · τ 3σ⃗1 · σ⃗3 G̃4 = τ 1 · τ 3 σ⃗1 · σ⃗3

G5 = τ 2 · τ 3σ⃗1 · σ⃗2 G̃5 = τ 2 · τ 3 σ⃗1 · σ⃗2

G6 = τ 1 · (τ 2 × τ 3)σ⃗1 · (σ⃗2 × σ⃗3) G̃6 = τ 1 · (τ 2 × τ 3) σ⃗1 · (σ⃗2 × σ⃗3)

G7 = τ 1 · (τ 2 × τ 3)σ⃗2 · (q⃗1 × q⃗3) G̃7 = τ 1 · (τ 2 × τ 3) σ⃗2 · (r̂12 × r̂23)

G8 = q⃗1 · σ⃗1q⃗1 · σ⃗3 G̃8 = r̂23 · σ⃗1 r̂23 · σ⃗3

G9 = q⃗1 · σ⃗3q⃗3 · σ⃗1 G̃9 = r̂23 · σ⃗3 r̂12 · σ⃗1

G10 = q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃10 = r̂23 · σ⃗1 r̂12 · σ⃗3

G11 = τ 2 · τ 3q⃗1 · σ⃗1q⃗1 · σ⃗2 G̃11 = τ 2 · τ 3 r̂23 · σ⃗1 r̂23 · σ⃗2

G12 = τ 2 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗2 G̃12 = τ 2 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗2

G13 = τ 2 · τ 3q⃗3 · σ⃗1q⃗1 · σ⃗2 G̃13 = τ 2 · τ 3 r̂12 · σ⃗1 r̂23 · σ⃗2

G14 = τ 2 · τ 3q⃗3 · σ⃗1q⃗3 · σ⃗2 G̃14 = τ 2 · τ 3 r̂12 · σ⃗1 r̂12 · σ⃗2

G15 = τ 1 · τ 3q⃗2 · σ⃗1q⃗2 · σ⃗3 G̃15 = τ 1 · τ 3 r̂13 · σ⃗1 r̂13 · σ⃗3

G16 = τ 2 · τ 3q⃗3 · σ⃗2q⃗3 · σ⃗3 G̃16 = τ 2 · τ 3 r̂12 · σ⃗2 r̂12 · σ⃗3

G17 = τ 1 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃17 = τ 1 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗3

G18 = τ 1 · (τ 2 × τ 3)σ⃗1 · σ⃗3σ⃗2 · (q⃗1 × q⃗3) G̃18 = τ 1 · (τ 2 × τ 3) σ⃗1 · σ⃗3 σ⃗2 · (r̂12 × r̂23)

G19 = τ 1 · (τ 2 × τ 3)σ⃗3 · q⃗1q⃗1 · (σ⃗1 × σ⃗2) G̃19 = τ 1 · (τ 2 × τ 3) σ⃗3 · r̂23 r̂23 · (σ⃗1 × σ⃗2)

G20 = τ 1 · (τ 2 × τ 3)σ⃗1 · q⃗1σ⃗3 · q⃗3σ⃗2 · (q⃗1 × q⃗3) G̃20 = τ 1 · (τ 2 × τ 3) σ⃗1 · r̂23 σ⃗3 · r̂12 σ⃗2 · (r̂12 × r̂23)

TABLE I: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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We adopt now a new basis with 80 operators which can be generated by 20 operators given in momentum and
coordinate space in Table I. We also give relations between old and new structure functions Fi: In order to distinguish

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2
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20X
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Gi Fi(q1, q2, q3) + permutations
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20X
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ci

D

⌘U †HU⌘
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Most general structure of a local, isospin-symmetric 3NF
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Assuming  hermiticity,  time 
reversal & parity invariance, 
20 structure functions are 
needed:

Krebs, Gasparyan, EE ’13; Phillips, Schat ’13; EE, Gasparyan, Krebs, Schat, in preparation
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2

Generators G in momentum space Generators G̃ in coordinate space

G1 = 1 G̃1 = 1

G2 = τ 1 · τ 3 G̃2 = τ 1 · τ 3

G3 = σ⃗1 · σ⃗3 G̃3 = σ⃗1 · σ⃗3

G4 = τ 1 · τ 3σ⃗1 · σ⃗3 G̃4 = τ 1 · τ 3 σ⃗1 · σ⃗3

G5 = τ 2 · τ 3σ⃗1 · σ⃗2 G̃5 = τ 2 · τ 3 σ⃗1 · σ⃗2

G6 = τ 1 · (τ 2 × τ 3)σ⃗1 · (σ⃗2 × σ⃗3) G̃6 = τ 1 · (τ 2 × τ 3) σ⃗1 · (σ⃗2 × σ⃗3)

G7 = τ 1 · (τ 2 × τ 3)σ⃗2 · (q⃗1 × q⃗3) G̃7 = τ 1 · (τ 2 × τ 3) σ⃗2 · (r̂12 × r̂23)

G8 = q⃗1 · σ⃗1q⃗1 · σ⃗3 G̃8 = r̂23 · σ⃗1 r̂23 · σ⃗3

G9 = q⃗1 · σ⃗3q⃗3 · σ⃗1 G̃9 = r̂23 · σ⃗3 r̂12 · σ⃗1

G10 = q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃10 = r̂23 · σ⃗1 r̂12 · σ⃗3

G11 = τ 2 · τ 3q⃗1 · σ⃗1q⃗1 · σ⃗2 G̃11 = τ 2 · τ 3 r̂23 · σ⃗1 r̂23 · σ⃗2

G12 = τ 2 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗2 G̃12 = τ 2 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗2

G13 = τ 2 · τ 3q⃗3 · σ⃗1q⃗1 · σ⃗2 G̃13 = τ 2 · τ 3 r̂12 · σ⃗1 r̂23 · σ⃗2

G14 = τ 2 · τ 3q⃗3 · σ⃗1q⃗3 · σ⃗2 G̃14 = τ 2 · τ 3 r̂12 · σ⃗1 r̂12 · σ⃗2

G15 = τ 1 · τ 3q⃗2 · σ⃗1q⃗2 · σ⃗3 G̃15 = τ 1 · τ 3 r̂13 · σ⃗1 r̂13 · σ⃗3

G16 = τ 2 · τ 3q⃗3 · σ⃗2q⃗3 · σ⃗3 G̃16 = τ 2 · τ 3 r̂12 · σ⃗2 r̂12 · σ⃗3

G17 = τ 1 · τ 3q⃗1 · σ⃗1q⃗3 · σ⃗3 G̃17 = τ 1 · τ 3 r̂23 · σ⃗1 r̂12 · σ⃗3

G18 = τ 1 · (τ 2 × τ 3)σ⃗1 · σ⃗3σ⃗2 · (q⃗1 × q⃗3) G̃18 = τ 1 · (τ 2 × τ 3) σ⃗1 · σ⃗3 σ⃗2 · (r̂12 × r̂23)

G19 = τ 1 · (τ 2 × τ 3)σ⃗3 · q⃗1q⃗1 · (σ⃗1 × σ⃗2) G̃19 = τ 1 · (τ 2 × τ 3) σ⃗3 · r̂23 r̂23 · (σ⃗1 × σ⃗2)

G20 = τ 1 · (τ 2 × τ 3)σ⃗1 · q⃗1σ⃗3 · q⃗3σ⃗2 · (q⃗1 × q⃗3) G̃20 = τ 1 · (τ 2 × τ 3) σ⃗1 · r̂23 σ⃗3 · r̂12 σ⃗2 · (r̂12 × r̂23)

TABLE I: The set of 20 generating operators Gi which generate 80 independent operators Oi of a local three-nucleon force.
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Assuming  hermiticity,  time 
reversal & parity invariance, 
20 structure functions are 
needed:

Krebs, Gasparyan, EE ’13; Phillips, Schat ’13; EE, Gasparyan, Krebs, Schat, in preparation

Need a theoretical approach which would:!
      be based on QCD, !
      yield consistent many-body forces,!
      be systematically improvable,!
      allow for error estimation

Phenomenological modeling seems not feasible!

Chiral Effective Field Theory



 
Chiral dynamics!
and the pion-nucleon system



 Chiral Perturbation Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of

Q = 
momenta of pions and nucleons or Mπ  ~ 140 MeV

hard scales [at best Λχ = 4πFπ ~ 1 GeV] Manohar, Georgi ’84

Tool: Feynman calculus using the effective chiral Lagrangian 

Weinberg, Gasser, Leutwyler, Meißner, ... 
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i [⌅]N + . . .

L(2)
�N =

⇧

i

ci
�
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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Order Q4:

Order Q3:

Order Q2:

Order Q:
� �i/�

n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10
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3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

Q2

Q3 Q4

H. KREBS, A. GASPARYAN, AND E. EPELBAUM PHYSICAL REVIEW C 85, 054006 (2012)

0 50 100 150 200
0

5

10

δ 
[d

eg
re

e]

0 50 100 150 200
-10

-5

0

0 50 100 150 200

-2

0

2

0 50 100 150 200

-2
-1
0

δ 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

δ 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11

S31

P11

P33P13P31

D13 D33 D15

D35

FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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FIG. 3. (Color online) Results of the fit for πN s-, p-, and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid
curves correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2 calculation.

parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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parameters. Both the tree-level and finite loop contributions
are important for those four partial waves. Our results for the
phase shifts are similar and of a similar quality as the ones
reported in Ref. [45].

We finally turn to the discussion of the extracted parameters.
The obtained values of the low-energy constants are collected
in Table I. As one can see from the table, the LECs ci and d̄i turn
out to come out rather similar for the two partial wave analyses.
The difference does not exceed 30% except for the LECs c1
and d̄5 which are, however, considerably smaller than the other
ci’s and d̄i’s, respectively. The same conclusion about stability
can be drawn for the LECs ē14 and ē17. These are the only
counterterms contributing to d waves, which is why these two
constants are strongly constrained by the threshold behavior
of the d-wave phase shifts. In contrast, the other ēi’s are
very sensitive to the energy dependence of the s- and p-wave
amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of
a natural size except for the combination d̄14 − d̄15 and ē15,
which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and
ēi from our fits to the ones obtained in Refs. [32,45] using
heavy-baryon chiral perturbation theory at orders Q3 and Q4,
respectively, because of a different power counting schemes in
the two approaches. On the other hand, it is comforting to see
that the extracted values for the ci , d̄i , and even some of the
ēi coefficients are comparable to the ones found in Ref. [45]
in the fit with the LECs ci being set to their order-Q3 values;
see Table 4 of that work. We also stress that the values for
c1,3,4 obtained from the fit to the KH partial wave analysis are
in an excellent agreement with the ones determined at order

Q3 by using chiral perturbation theory inside the Mandelstam
triangle [58]. It is also worth mentioning that the values of c3,4
are in a good agreement with the ones determined from the
new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably
better description of the πN phase shifts at orders Q2 and Q3

by allowing for the LECs ci and d̄i to be tuned rather than
keeping their values fixed at order Q4. In fact, the values of
ci are well known to change significantly when performing
fits at orders Q2 and Q3. Using the KH partial wave analysis,
employing the order-Q2 expressions for the amplitudes and
utilizing the same fitting procedure as before, we end up with
the following values for the ci’s:

cKH
1 = −0.26 GeV−1, cKH

2 = 2.02 GeV−1,
(4.7)

cKH
3 = −2.80 GeV−1, cKH

4 = 2.01 GeV−1;

while the GW partial wave analysis yields

cGW
1 = −0.58 GeV−1, cGW

2 = 2.02 GeV−1,
(4.8)

cGW
3 = −3.14 GeV−1, cGW

4 = 2.19 GeV−1.

Notice that c2,3,4 turn out to be somewhat smaller in magnitude
than the ones extracted from the order-Q2 fit to the s- and
p-wave πN threshold coefficients [20].4 We will come back
to the issue of optimizing the description of the data at lower

4This indicates that the order-Q2 representation of the amplitudes
does not provide the appropriate description of the data in the whole
momentum range used in our fits.
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 Chiral Perturbation Theory
Improving the convergence of ChPT:

Covariant formulations (no 1/mN-expansion)

For ChPT to be useful, (renormalized) LECs must be natural, i.e. ⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 +Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2A

9(m� �mn)
⌅ 2.8GeV�1

1

LECs contain information about 
short-range physics such as the Δ:

low	

energy

Krebs, Gasparyan, EE, to appear

Bernard, Kaiser, Meißner ’97

hA

⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 +Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2A

9(m� �mN )
⌅ 2.8GeV�1

1

d̄�14 � d̄�15 = �2(d̄�1 + d̄�2 ) = 2d̄�3 =
�2h2A

9(m� �mN )2
⇤ �4.8GeV�2
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Explicit treatment of the Δ(1232) isobar
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Jenkens, Manohar, Hemmert, Holstein, Kambor, ...

c�i , d�
i , . . .

⇥
⌅a�1

s /⌅M�

⇤

Mphys
�

⇥
⌅a�1

t /⌅M�

⇤

Mphys
�

� ⌅ ⌃
�����

⌅
0.771(14)

⌅a�1
s

⌅M�

����
Mphys

�

+ 0.934(11)
⌅a�1

t

⌅M�

����
Mphys

�

� 0.069(6)
⇧�mq

mq

����� < 0.0015

⌅⌥
(23 + 32)2 � 168 � 1

⇧2

(1)

a+ = (7.6 ± 3.1) ⇥ 10�3M�1
� (2)

a� = (86.1 ± 0.9) ⇥ 10�3M�1
� (3)

m� � mN ⇤ M� (4)

V static
3N =

22⌃

i=1

Gi(⇧⇥1, ⇧⇥2, ⇧⇥3, ⇤ 1, ⇤ 2, ⇤ 3,⇧r12,⇧r23) Fi(r12, r23, r31) + permutations

(5)

c�3 = �2c�4 = �
4h2

A

9(m� � mN)
⇧ �2.7 GeV�1 (6)

Q ⇤ M� (7)

⇤ 1
m��mN

(8)

⇤ 1
(m��mN )2

, . . . (9)

⇤ 1
m��mN

, 1
(m��mN )2

, . . . (10)

V3N =
22⌃

i=1

Gi Fi(r12, r23, r31) + perm. (11)

1



 Chiral Perturbation Theory
Improving the convergence of ChPT:

Covariant formulations (no 1/mN-expansion)

For ChPT to be useful, (renormalized) LECs must be natural, i.e. ⇤ �i/�
n
⇤, �i = O(1)
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Bernard, Kaiser, Meißner ’97

hA

⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
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LECs from pion-nucleon scattering (HB ChPT) in units of GeV-n

The hope: LECs of a more natural size           better convergence of the EFT expansion...

Krebs, Gasparyan, EE, to appear; similar results found by Fettes, Meißner;  Büttiker, Meißner, ...
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Covariant formulations (no 1/mN-expansion)
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Krebs, Gasparyan, EE, to appear
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Krebs, Gasparyan, EE, to appear; similar results found by Fettes, Meißner;  Büttiker, Meißner, ...

Δ-less approach
Δ-full approach
Δ-contribution

c�i , d�
i , . . .

⇥
⌅a�1

s /⌅M�

⇤

Mphys
�

⇥
⌅a�1

t /⌅M�

⇤

Mphys
�

� ⌅ ⌃
�����

⌅
0.771(14)

⌅a�1
s

⌅M�

����
Mphys

�

+ 0.934(11)
⌅a�1

t

⌅M�

����
Mphys

�

� 0.069(6)
⇧�mq

mq

����� < 0.0015

⌅⌥
(23 + 32)2 � 168 � 1

⇧2

(1)

a+ = (7.6 ± 3.1) ⇥ 10�3M�1
� (2)

a� = (86.1 ± 0.9) ⇥ 10�3M�1
� (3)

m� � mN ⇤ M� (4)

V static
3N =

22⌃

i=1

Gi(⇧⇥1, ⇧⇥2, ⇧⇥3, ⇤ 1, ⇤ 2, ⇤ 3,⇧r12,⇧r23) Fi(r12, r23, r31) + permutations

(5)

c�3 = �2c�4 = �
4h2

A

9(m� � mN)
⇧ �2.7 GeV�1 (6)

Q ⇤ M� (7)

⇤ 1
m��mN

(8)

⇤ 1
(m��mN )2

, . . . (9)

⇤ 1
m��mN

, 1
(m��mN )2

, . . . (10)

V3N =
22⌃

i=1

Gi Fi(r12, r23, r31) + perm. (11)

1

ChPT,  DOF: π, N ChPT mit Δ,  DOF: π, N, Δ

Expansion in: Expansion in q 2
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Chiral EFT for nuclei
4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)
NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6

p ⇤ 1/aS ⌅ 8.5 MeV(36 MeV) (1)

⇤ 1
m��mN

(2)

⇤ 1
(m��mN )2

, . . . (3)

⇤ 1
m��mN

, 1
(m��mN )2

, . . . (4)

V3N =
22X

i=1

Gi Fi(r12, r23, r31) + perm. (5)

c3 ⇤ �5 GeV�1

L = 11.8 fm

V2� =
⌅⇥1 · ⌅q1 ⌅⇥3 · ⌅q3

[q2
1 + M2

�] [q
2
3 + M2

�]

⇣
⇤ 1·⇤ 3 A(q2)+⇤ 1⇥⇤ 3·⇤ 2 ⌅q1⇥⌅q3·⌅⇥2 B(q2)

⌘

A(3)(q2) =
g2
A

8F 4
�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2
Ac4

8F 4
�

,

A(4)(q2) =
g4
A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q4

2

⌘
+

⇣
4g2

A + 1
⌘
M3

� + 2
⇣
g2
A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = �
g4
A

256�F 6
�

h
A(q2)

⇣
4M2

� + q2
2

⌘
+ (2g2

A + 1)M�

i

1

A new, soft scale associated with nuclear binding !
!
to be generated dynamically (need resummations...) 
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Pionless EFT (valid for                              )
⌦
mNEB ⇥ Q ⇥ M� (1)

In the KSW approach the scattering amplitude is calculated as an expan-
sion in small parameter

A = A�1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.
They coincide with the corresponding results of the KSW approach up to
(small) higher order corrections.

The leading order amplitude has the form

A�1 =
�C
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=
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, (3)
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with n - the number of space-time dimensions and µ the scale parameter.
In Eq. (??) renormalization is performed by subtracting the loop integral at
p2 = �⇤2 with the result

IR(p, ⇤) = I(p)� I(i ⇤) = �m(⇤ + i p)

4⌅
+O(p2, ⇤2). (5)

The NLO correction to the amplitude consists of five contributions. First
we give the result of the two diagrams with NLO contact interaction vertex
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- zero-range forces between nucleons
- for 2N equivalent to Effective Range Theory 
- universality, Efimov physics, cold gases, halos,...
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- for 2N equivalent to Effective Range Theory 
- universality, Efimov physics, cold gases, halos,...
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Weinberg, van Kolck, EE, Glöckle, Meißner, Machleidt, Entem...

- Schrödinger equation for nucleons!
  interacting via contact forces and !
  long-range potentials (pion exchanges)
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derived in ChPT

- access to heavier nuclei (ab initio few-/many-body methods) 
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

3N force: N2LO 3NF included in most calculations !
N3LO 3NF worked out Bernard, EE, Krebs Meißner ’08,’11;  (probably) not yet converged      higher orders   !
numerical PWD developed Golak, Skibinski, Krebs, Hebeler, …, first results available Witala et al.’13

accurate N3LO potentials are available Entem-Machleidt ’03;  EE-Glöckle-Meißner ’04 2N force:

leading (i.e. N3LO) terms worked out EE ’06; contrib. to 4He BE ~ few 100 keV Rospedzik et al. ’064N force:
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3N force: N2LO 3NF included in most calculations !
N3LO 3NF worked out Bernard, EE, Krebs Meißner ’08,’11;  (probably) not yet converged      higher orders   !
numerical PWD developed Golak, Skibinski, Krebs, Hebeler, …, first results available Witala et al.’13

accurate N3LO potentials are available Entem-Machleidt ’03;  EE-Glöckle-Meißner ’04 2N force:

leading (i.e. N3LO) terms worked out EE ’06; contrib. to 4He BE ~ few 100 keV Rospedzik et al. ’064N force:

The „standard“ nuclear chiral !
Hamiltonian has been extensively tested !

in few- and many-body systems



 Nucleon-nucleon force up to N3LO
Ordonez et al. ’94; Friar & Coon ’94; Kaiser et al. ’97; E.E. et al. ’98,‘03; Kaiser ’99-’01; Higa, Robilotta ’03; …

LO (Q0):

NLO (Q2):

N2LO (Q3):

N3LO (Q4):

renormalization of 1π-exchange renormalization of !
contact terms

7 LECs leading 2π-exchange

2 LECs

subleading 2π-exchangerenormalization of 1π-exchange

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of contact termsrenormalization of 1π-exchange

+  isospin-breaking corrections…
van Kolck et al. ’93, ’96; Friar et al. ’99, 
’03, ’04; Niskanen ’02; Kaiser ’06;  !
E.E. et al. ’04,’05,’07;  …
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+  isospin-breaking corrections…
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24 LECs fit to np data
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renormalization of 1π-exchange renormalization of !
contact terms

7 LECs leading 2π-exchange

2 LECs

subleading 2π-exchangerenormalization of 1π-exchange

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of contact termsrenormalization of 1π-exchange

+  isospin-breaking corrections…
van Kolck et al. ’93, ’96; Friar et al. ’99, 
’03, ’04; Niskanen ’02; Kaiser ’06;  !
E.E. et al. ’04,’05,’07;  …

24 LECs fit to np data

LECs fixed from πN 
long-range tail of the nuclear force fixed 
by chiral symmetry and exp. information 
on the πN system

➙



 Chiral 2π exchange (upto N2LO)



 Chiral 2π exchange (upto N2LO)

The profile functions (in Dimensional Regularization)
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Effects of the chiral !
2π exchange are  !
clearly visible in!
NN phases 
Rentmeester et al.’99,‘03
Birse, McGovern ’06



 Nucleon-nucleon scattering
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Selected neutron-proton scattering observables at Elab = 200 MeV 
(preliminary results with improved-chiral N3LO potential)

Nijmegen PWA
N3LO
estimated uncertainty

At N3LO, 2N observables are accurately described up to at least Elab ~ 200 MeV



 Elastic Nd scattering with N3LO 2NF
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Notice: most of the data are Coulomb-corrected pd data 

CDBonn
CDBonn + TM’ 3NF

N3LO

Selected neutron-deuteron scattering observables at Elab = 10 MeV 
(preliminary results with improved-chiral N3LO potential)

Clear room for 3NF effects in Ay and iT11



 Elastic Nd scattering with N3LO 2NF
Selected neutron-deuteron scattering observables at Elab = 70 MeV 

(preliminary results with improved-chiral N3LO potential)

Clear room for 3NF effects in the cross section and Aij
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 Elastic Nd scattering with N3LO 2NF
Selected neutron-deuteron scattering observables at Elab = 135 MeV 

(preliminary results with improved-chiral N3LO potential)

Clear room for 3NF effects
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Three-nucleon force: !
Status  and ongoing developments



  Chiral expansion of the 3NF (Δ-less EFT)
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3NF structure functions at large distance are!
model-independent and parameter-free predictions!
based on χ symmetry of QCD + exp. information on πN system
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NLO (Q2)

Weinberg ’91, van Kolck ’94
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Bernard, Kaiser, Meißner ’97

⇤ �i/�
n
⇤, �i = O(1)

Le⇥ = L⇥ + L⇥N

ci, di, . . .

LEC N2LO fits ⇤ + ⇥+ ⇧

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76± 0.95 1.79± 1.23

b4 [GeV�1] 0.14± 0.39 �0.67± 0.54

b5 [GeV�1] 4.21± 0.47 5.10± 0.66

b6 [GeV�1] �2.11± 0.97 �2.30± 1.23

⌅2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18

Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 +Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2A

9(m� �mN )
⌅ 2.8GeV�1

1

Notice: ci receive large Δ(1232) contributions 
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long range parameter-free !
(after determination of LECs in πN)!
converged?? (graphs ~ ci2, ci3…)



 Longest-range 3NF up to N4LO
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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2
�gA � 2gA(5c2 + 18c3)

⌘ i

� g2A
768�2F 6

�

L(q2)
⇣
M2

� + 2q22
⌘ ⇣

4M2
�(6c1 � c2 � 3c3) + q22(�c2 � 6c3)

⌘
,

B(5)(q2) = � gA
2304�2F 6

�

h
M2

�

⇣
F 2
�

⇣
1152�2d̄18c4 � 1152�2gA(2ē17 + 2ē21 � ē37)
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
2304�2gA(4ē14 + 2ē19 � ē22 � ē36)� 2304�2d̄18c3

⌘

+ gA(144c1 � 53c2 � 90c3)) +M4
�

⇣
F 2
�

⇣
4608�2d̄18(2c1 � c3) + 4608�2gA(2ē14 + 2ē19 � ē36 � 4ē38)
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⌘

+ gA(144c1 � 53c2 � 90c3)) +M4
�

⇣
F 2
�

⇣
4608�2d̄18(2c1 � c3) + 4608�2gA(2ē14 + 2ē19 � ē36 � 4ē38)
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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⌘

+ gA
⇣
72

⇣
64�2l̄3 + 1

⌘
c1 � 24c2 � 36c3

⌘⌘
+ q42

⇣
2304�2ē14F
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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⌘
+ 108g3Ac4 + 24gAc4

⌘

+ q22
⇣
5gAc4 � 1152�2ē17F
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2
�gA

⌘ i
+

g2Ac4
384�2F 6

�

L(q2)
⇣
4M2

� + q22
⌘

⇤p1 ⇤p1
0 ⇤p2 ⇤p2

0 ⇤p3 ⇤p3
0

1

N2LO [Q3]:

V2� =
⇥�1 · ⇥q1 ⇥�3 · ⇥q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇥q1 ⇥ ⇥q3 · ⇥�2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

1

van Kolck ’94

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

1

N3LO [Q4]:

Ishikawa, Robilotta ’07!
Bernard, EE, Krebs, Meißner ‘08

V2� =
⇤⇥1 · ⇤q1 ⇤⇥3 · ⇤q3

[q21 +M2
� ] [q

2
3 +M2

� ]

⇣
⌧ 1 · ⌧ 3 A(q2) + ⌧ 1 ⇥ ⌧ 3 · ⌧ 2 ⇤q1 ⇥ ⇤q3 · ⇤⇥2 B(q2)

⌘

A(3)(q2) =
g2A
8F 4

�

⇣
(2c3 � 4c1)M

2
� + c3q

2
2

⌘
, B(3)(q2) =

g2Ac4
8F 4

�

,

A(4)(q2) =
g4A

256�F 6
�

h
A(q2)

⇣
2M4

� + 5M2
�q

2
2 + 2q42

⌘
+

⇣
4g2A + 1

⌘
M3

� + 2
⇣
g2A + 1

⌘
M�q

2
2

i
,

B(4)(q2) = � g4A
256�F 6

�

h
A(q2)

⇣
4M2

� + q22
⌘
+ (2g2A + 1)M�

i

A(5)(q2) =
gA

4608�2F 6
�

h
M2

�q
2
2(F

2
�

⇣
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]
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Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

3NF „structure functions“
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Q4 fit to KH �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26
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VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the longest-range contribution to the three-nucleon force at N4LO utilizing the heavy-
baryon formulation of chiral EFT with pions and nucleons as the only explicit degrees of freedom. For this particular
topology, the N4LO corrections already provide the sub-subleading contribution, so that one can address the question
of convergence of the chiral expansion. The pertinent results of our study can be summarized as follows.

• We worked out the N4LO contributions to the 2π-exchange 3NF. The unitary ambiguity of the Hamilton
operator can be parametrized at this order by three additional unitary transformations. We found that two
of the corresponding “rotation angles”, namely α10 and α11, are fixed in terms of the remaining one α9 if one
requires that the resulting 3NF matrix elements are finite (renormalizability constraint). The parameter α9

does not enter the expressions for the 3NF at N4LO. These findings will impact the results for the remaining
3NF contributions which are not considered in this paper.

• In order to determine the low-energy constants ci, d̄i and ēi contributing to the 2π-exchange 3NF, we re-analyzed
pion-nucleon scattering at order Q4 employing exactly the same power counting scheme as in the derivation of
the nuclear forces. We used the available partial wave analyses of the pion-nucleon scattering data to determine
all relevant LECs. The resulting values turn out to be rather stable and agree well with the determinations by
other groups.

• With all LECs being fixed from pion-nucleon scattering as discussed above, we found a good/reasonable con-

tree level (N2LO)
+ N3LO
+ N4LO

 Long-range 3NF up to N4LO (preliminary)

-6

-4

-2

 0

 2
F4

-0.05
-0.04
-0.03
-0.02
-0.01

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

-40

-20

 0

 20

 40
F15

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0.5

 1

 1.5

 2

1 1.5 2
r [fm]

F18

2 2.5 3  0

 0.002

 0.004

 0.006

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3
-0.25
-0.2
-0.15
-0.1
-0.05

r [fm]

EE, Gasparyan, Krebs, Schat, in preparation



a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

ring2π-1π 2π

 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02



 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02



 

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Chiral expansion of the 3NF

N4LO

Ishikawa, Robilotta, PRC76 (07);  !
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02

✓  no effect upto N2LO (modulo reshuffling) !

✓  large contributions to the ring & 2π-1π-!
     topologies saturating some of the !
      N4,5,6LO graphs in the Δ-less theory!

✓  What is more efficient: Δ-less N4LO (and !
      beyond?) vs Δ-full N3LO ??  



 Pion-nucleon system in Δ-full EFT up to Q4
15

0 50 100 150 200
0

5

10

δ 
[d

eg
re

e]

0 50 100 150 200
-10

-5

0

0 50 100 150 200
-2

-1

0

0 50 100 150 200

-2

-1

0

δ 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

δ 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11 S31 P11

P33P13P31

D13 D33 D15

D35
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calculation.

To explore delta-resonance saturation of the LECs ei from L(4)
πN which enter the order-Q4 pion-nucleon amplitude, we

need to analyze the following terms:

• 1/∆3-contributions from ϵ1-amplitude

• 1/∆2-contributions from ϵ2-amplitude (these terms vanish after renormalization of hA),

• 1/∆-contributions from ϵ3-amplitude.

The complete contribution of the delta to these LECs is given by a sum of these terms and has the form:
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πN phase shifts in HB ChPT up to Q4 (KH PWA)
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1

LECs from pion-nucleon scattering (HB ChPT) in units of GeV-n (fit to KH PWA)

Krebs, Gasparyan, EE, to appear

Δ-less approach
Δ-full approach
Δ-contribution



 2π-exchange 3NF: Δ-full vs Δ-less EFT

-6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltaless EFT

tree
+Q4

+Q5 -6

-4

-2

 0

 2
F4

-0.05

-0.04

-0.03

-0.02

-0.01

 0

Deltafull EFT

tree
+¡4

+Q5

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltaless EFT

-8

-4

 0

 4

 8 F6

 0

 0.02

 0.04

 0.06

 0.08

Deltafull EFT

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-40

-20

 0

 20

 40
F15

 0

 0.1

 0.2

 0.3

 0.4

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-20

 0

 20

 40 F16

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

-40

-20

 0

 20

 40 F17

-0.4

-0.3

-0.2

-0.1

 0

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

 0

 0.5

 1

 1.5

 2
F18

 0

 0.002

 0.004

 0.006

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-10

 0

 10

 20

1 1.5 2
r [fm]

F19

2 2.5 3
-0.2

-0.15

-0.1

-0.05

 0

 0.05

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

-20

-10

 0

 10

1 1.5 2
r [fm]

F20

2 2.5 3

-0.25

-0.2

-0.15

-0.1

-0.05

 0

r [fm]

Δ-full and Δ-less EFT predictions agree well with each other!
Δ-full approach shows clearly a superior convergence!
remarkably, the final 2π 3NF turns out to be rather weak at large distances…

Krebs, Gasparyan, EE, to appear
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 2π-exchange 3NF at N4LO in Δ-less EFT
Krebs, Gasparyan, EE, to appear

Chiral expansion of TPE „structure functions“ Fi (in MeV) in the !
equilateral-triangle configuration (Δ-less EFT)

difference between Δ-full & Δ-less 
results at N4LO (= effects of the Δ 
not captured by LECs at N4LO 
such as e.g. terms ~ ci2, ci3, …)

For intermediate-range topologies, the effects of the Δ appear to be more pronounced (work in progress) 



Too many terms for doing PWD “manually”              let computer do the job…

can be reduced 
to 5 dim. integral

matrix ~ 105 x 105 depends on                      spin & isospin

Golak et al. EPJA 43 (2010) 241

feasible task but requires a few 10 MCPU hours for the N3LO 3NF…

Faddeev equation is solved in the partial wave basis: |p, q,�⇥ � |pq(ls)j(⇥1
2
)I(jI)JMJ⇥ |(t

1

2
)TMT ⇥

1

 Partial wave decomposition of the 3NF

It is possible to reduce the number of integrations to 2 exploiting locality of the 3NF Krebs, Hebeler

no need for supercomputers!

Current status 
PW matrix elements of the 3NF without regulator and with the old nonlocal regulator 
are available
PWD of r-space regularized 3NF consistent with the new  ichiral-potential in progress

Low Energy Nuclear Physics International Collaboration (LENPIC)
Bochum-Bonn-Cracow-Darmstadt-Iowa-Jülich-Kyushu-Ohio-Orsay



 Summary and outlook
Improved chiral NN potential up to N3LO 

Better performance at high energies, no fine tuning in πN LECs, no need for 
additional spectral function regularization, careful error estimation…

Application to elastic Nd scattering shows clearly the need for 3NF (most 
striking at energies of Elab ~ 70…150 MeV)

Chiral three-nucleon force
Worked out completely at N3LO and at N4LO for 2π, 2π-1π and ring graphs. The 
N4LO contributions are driven by the Δ and are large (as expected). 

Very good progress on the PWD of the 3NF

Alternatively, calculations in EFT with explicit Δ are being performed.  For 2π 
3NF, both approaches lead to comparable results  (with  the  Δ-full approach 
showing superior convergence). Δ-contributions to 2π-1π and ring topologies !
have also been worked out, short-range terms in progress…

Future plans: completing derivation of the 3NF at N4LO and Δ contributions 
at N3LO; PWD of the locally regularized 3NF;  3NF effects in 3N scattering 
and spectra of light nuclei...





 Two nucleons à la Weinberg

How to renormalize the Schrödinger equation  Lepage, nucl-th/9697929

1. Introduce a finite cutoff                           
    All symmetries can be preserved Slavnov ’71; Djukanovic et al.’05, Hall, Pascalutsa ‘12
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2. Tune           to low-energy observables

3. Check self-consistency by means of error-plots (Lepage-plots)

(implicit) renormalization

Predictive power easily understood in terms of Modified Effective Range Theory...

Removing    by taking the limit                may yield finite results for the amplitude but 
does not qualify for a consistent renormalization in the EFT sense. It is only justified  
if all necessary counterterms are included... 
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renormalization

How not to renormalize the Schrödinger equation: an infinite cutoff  limit

EE, Gegelia, EPJA 41 (2009) 341



 The cutoff issue
Why cutoff?
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truncated at a given !
order in the expansion

increasingly UV divergent integrals are !
generated through iterations

Ideally, would like to calculate the integrals 
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subtract the UV divergences (                           ) and take the limit            . This is 
not possible in practice (except for pionless EFT)              let    finite and adjust 
bare Ci to exp data (= implicit renormalization).     should be not taken too high !
[Lepage, EE, Meißner, Gegelia], in practice                              (otherwise spurious BS...)
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Price to pay: finite cutoff artifacts (i.e. terms                                  ), may become 
an issue at higher energies (e.g. Elab ~ 200 MeV corresponds to p ~ 310 MeV/c)
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Is it possible to eliminate or at least reduce finite cutoff artifacts? 


