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Fundamental questions of nuclear physics => discovery potential 
 
!  What controls nuclear saturation?  
 
!  How shell and collective properties emerge from the underlying theory? 
 
!  What are the properties of nuclei with extreme neutron/proton ratios? 

!  Can we predict useful cross sections that cannot be measured? 

!  Can nuclei provide precision tests of the fundamental laws of nature? 

!  Can we solve QCD to describe hadronic structures and interactions? 

+ K-super. 
+ Blue Waters 
+ TianHe II  
+ Tachyon-II 



Predic9ve	  nuclear	  theory	  with	  	  
quan9fied	  uncertain9es	  for	  	  

prac9cal	  and	  fundamental	  physics	  

Effec9ve	  Field	  Theory	  
(pionless,	  pionful,	  

deltaful,…)	  

Ab-‐ini9o	  
many-‐body	  theory:	  
structure	  &	  reac9ons	  

Computa9onal	  Science:	  
Fully	  exploit	  disrup9ve	  	  

technologies	  

Applied	  Mathema9cs:	  
New/improved	  
algorithms	  

Strategy	  for	  discovering	  the	  solu9ons	  to	  these	  fundamental	  problems	  



The Nuclear Many-Body Problem 

The many-body Schroedinger equation for bound states consists 
of 2(  ) coupled second-order differential equations in 3A coordinates 

using strong (NN & NNN) and electromagnetic interactions. 
 

Successful ab initio quantum many-body approaches (A > 6) 
 

Stochastic approach in coordinate space 
Greens Function Monte Carlo (GFMC)  

 

Hamiltonian matrix in basis function space 
No Core Configuration Interaction (NCSM/NCFC) 

 

Cluster hierarchy in basis function space 
Coupled Cluster (CC) 

 

Lattice Nuclear Chiral EFT, MB Greens Function,  
MB Perturbation Theory, . . . approaches 

 
 

Comments 
All work to preserve and exploit symmetries 

Extensions of each to scattering/reactions are well-underway 
They have different advantages and limitations 

� 

A
Z

Meson Exchg 
interactions 

Chiral EFT 
interactions 

Featured 
results here 



•  Adopt realistic NN (and NNN) interaction(s) & renormalize as needed - retain induced 
many-body interactions: Chiral EFT interactions and JISP16 

•  Adopt the 3-D Harmonic Oscillator (HO) for the single-nucleon basis states, α, β,… 
•  Evaluate the nuclear Hamiltonian, H,  in basis space of HO (Slater) determinants 

(manages the bookkeepping of anti-symmetrization) 
•  Diagonalize this sparse many-body H in its “m-scheme” basis where [α =(n,l,j,mj,τz)] 

 
•  Evaluate observables and compare with experiment 

                                                 Comments 
•   Straightforward but computationally demanding => new algorithms/computers 
•   Requires convergence assessments and extrapolation tools 
•   Achievable for nuclei up to A=16 (40) today with largest computers available 

� 

Φn = [aα
+ • • • aς

+]n 0

� 

n = 1,2,...,1010  or more!

No Core Shell Model  
A large sparse matrix eigenvalue problem  

� 

H = Trel +VNN +V3N + • • •
H Ψi = Ei Ψi

Ψi = An
i

n= 0

∞

∑ Φn

Diagonalize Φm H Φn{ }



K=1/2	  bands	  include	  Coriolis	  decoupling	  parameter:	  

Both	  natural	  and	  unnatural	  parity	  bands	  iden9fied	  
Employed	  JISP16	  interac9on;	  Nmax	  =	  10	  -‐	  7	  

K=1/2	  

K=1/2	  

K=3/2	  

K=3/2	  

K=1/2	  

K=1/2	  

Black	  line:	  Yrast	  band	  in	  collec9ve	  model	  fit	  
Red	  line:	  excited	  band	  in	  collec9ve	  model	  fit	  

Physics	  Leaers	  B	  719,	  179	  (2013)	  



M.A.	  Caprio,	  P.	  Maris	  and	  J.P.	  Vary,	  
Physics	  Leaers	  B	  719,	  179	  (2013)	  

Note:	  
Although	  Q,	  B(E2)	  are	  slowly	  converging,	  
the	  ra9os	  within	  a	  rota9onal	  band	  appear	  	  
remarkably	  stable	  

Next	  challenge:	  Inves9gate	  same	  
phenomena	  with	  Chiral	  EFT	  interac9ons	  

Proton	  

Neutron	  

Collec9ve	  model:	  	  

Black	  line:	  Yrast	  band	  in	  collec9ve	  model	  fit	  
Red	  line:	  excited	  band	  in	  collec9ve	  model	  fit	  



9Be Translationally invariant gs density 
Full 3D densities = rotate around the vertical axis 

Total density  Proton-Neutron density 

Shows that one neutron provides a “ring” cloud  
around two alpha clusters binding them together 

C. Cockrell, J.P. Vary, P. Maris, Phys. Rev. C 86, 034325 (2012); arXiv:1201.0724;   
C. Cockrell, PhD, Iowa State University 



             NN 3N  4N

long (2π)        intermediate (π)     short-range

c1, c3, c4 terms cD term cE term

1.5

large uncertainties in coupling 
constants at present:

Chiral EFT for nuclear forces, leading order 3N forces

lead to theoretical uncertainties in
many-body observables 

use chiral interactions as input 
for RG evolution 

             NN 3N  4N

Adapted from Kai Hebeler, ECT* workshop May 2014 



H

P

Q

P

Q

Nmax

•  n-body cluster approximation,  2≤n≤A 
•   H(n)

eff    n-body operator 
•   Two ways of convergence: 

–   For P → 1    H(n)
eff →  H 

–   For n → A and fixed P: H(n)
eff → Heff 

Heff 0

0 QXHX-1Q

  

� 

H : E1, E2, E3,…EdP
,…E∞

  

� 

Heff : E1, E2, E3,…EdP

� 

QXHX−1P = 0

� 

Heff = PXHX−1P
X = − −+exp[ arctan ( )]h ω ωunitary 

model space  
dimension 

Effective Hamiltonian in the NCSM 
Okubo-Lee-Suzuki renormalization scheme 

Adapted from Petr Navratil 



Both OLS and SRG derivations of Heff will be used in applications here 



Controlling the center-of-mass (cm) motion  
in order to preserve Galilean invariance 

Add a Lagrange multiplier term acting on the cm alone 
so as not to interfere with the internal motion dynamics 

  

H = Heff Nmax ,!!( )+"Hcm

Hcm = P2

2MA

+ 1
2
MA!

2R2

" "10  suffices

Low-lying 
“physical”  
spectrum 

Approx. 
copy of 
low-lying  
spectrum 

 !!"Along with the Nmax truncation in the HO basis, 
the Lagrange multiplier term guarantees that 
all low-lying solutions have eigenfunctions that  
factorize into a 0s HO wavefunction for the cm 
times a translationaly invariant wavefunction. 

  Heff Nmax ,Ω( )≡ P[Trel +V a Nmax ,Ω( )]P



ab initio 
No Core  

Shell Model 
“NCSM” 

No Core 
Full Config 

NCFC 

NCSM- 
Reson’g Grp 

Method & 
NCSM- 

Contin’m 

SU(3)-
NCSM 

Basis  
Light Front  
Quant’zn 

J-matrix 
Scat’g phase 

shifts 

Structure 

Reactions 
Effective Field  

Theory 
- ext’l field 

Monte  
Carlo 

NCSM 

Importance 
Truncated 

NCSM 

NCSM  
with Core 

Extensions of the 
ab initio NCSM 

Gamow- 
NCSM & 

Density Matrix 
Renormaliz’n 

Group 



                                     

ab initio NCSM with χEFT  Interactions 
NNN interactions produce correct 10B ground state spin and overall spectral improvements 

 
 
 
 
 
 

P. Navratil, V.G. Gueorguiev,  J. P. Vary, W. E. Ormand and A. Nogga,  
Phys Rev Lett 99, 042501(2007); ArXiV: nucl-th 0701038.  

cD = -1 



P. Maris, J. P. Vary and P. Navratil, Phys. Rev. C87, 014327 (2013); arXiv 1205.5686 

Note additional predicted states! 
Shown as dashed lines 

CD= -0.2 



J. Phys.  
Conf. Ser. 454,  
012063 (2013)   

SRG Renormalization scale invariance, convergence & agreement with experiment 

8Be 

λ=2.0 fm-1 λ=2.0 fm-1 λ=2.24 fm-1 λ=1.88 fm-1 
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P.	  Maris,	  J.P.	  Vary,	  A.	  Calci,	  J.	  Langhammer,	  S.	  Binder	  and	  R.	  Roth,	  Phys.	  Rev.	  C	  90,	  014314	  (2014);	  arXiv	  1405.1331	  	  

NCSM	  excita9on	  spectra	  for	  12C	  with	  chiral	  NN(N3LO)	  (+3N	  induced)	  	  	  
and	  NN(N3LO)	  +	  3N(N2LO)	  interac9ons	  	  

  

α = 0.0625 fm4

λ = 2.0 fm−1

!Ω = 20 MeV

+	  3N	  induced	  

+	  3N	  induced	  
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NCSM	  excita9on	  spectra	  for	  12C	  with	  chiral	  NN(N3LO)	  +	  3N(N2LO)	  interac9on	  	  

SRG	  evolu9on	  scale	  (in	  fm4)	  dependence	  

0.0625	  
0.08	  

0.04	  

HO	  frequency	  (in	  MeV)	  	  dependence	  

P.	  Maris,	  J.P.	  Vary,	  A.	  Calci,	  J.	  Langhammer,	  S.	  Binder	  and	  R.	  Roth,	  Phys.	  Rev.	  C	  90,	  014314	  (2014);	  arXiv	  1405.1331	  	  

20	  

16	  
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P.	  Maris,	  J.P.	  Vary,	  A.	  Calci,	  J.	  Langhammer,	  S.	  Binder	  and	  R.	  Roth,	  Phys.	  Rev.	  C	  90,	  014314	  (2014);	  arXiv	  1405.1331	  	  

Convergence	  rates	  of	  excita9on	  spectra	  for	  SRG	  evolved	  chiral	  NN(N3LO)	  +	  3N(N2LO)	  	  

  

α = 0.0625 fm4

λ = 2.0 fm−1

!Ω = 20 MeVIT-‐NCSM	  

NCSM	  

IT-‐NCSM	  

NCSM	  

Boxes	  indicate	  threshold-‐extrapola9on	  uncertain9es	  for	  IT-‐NCSM	  
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Next	  Genera9on	  Ab	  Ini9o	  Structure	  Applica9ons	  –	  Aim	  for	  Precision	  
	  

Electroweak	  processes	  
Beyond	  the	  Standard	  Model	  tests	  (e.g.	  CKM	  unitarity	  =>	  vud	  determina9on)	  

Neutrinoful	  and	  neutrinoless	  double	  beta-‐decay	  
?	  
	  
	  
	  

Each	  puts	  major	  demands	  on	  theory,	  algorithms	  and	  computa9onal	  resources	  
Growing	  demands	  =>	  larger	  collabora9ng	  teams,	  growing	  computa9onal	  resources,	  

Increase	  in	  the	  mul9-‐disciplinary	  character,	  .	  .	  .	  	  



Origin of the anomalously long life-time of 14C
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Maris, Vary, Navratil,

Ormand, Nam, Dean,

PRL106, 202502 (2011)

INT workshop on double beta decay, Aug. 2013, Seattle, WA – p. 32/35



Impact	  Objec,ves	  	  
•  Predict	  proper9es	  of	  neutron-‐rich	  systems	  which	  relate	  

to	  exo9c	  nuclei	  and	  nuclear	  astrophysics	  
•  Determine	  how	  well	  high-‐precision	  phenomenological	  

strong	  interac9ons	  compare	  with	  effec9ve	  field	  theory	  
based	  on	  QCD	  

•  Produce	  accurate	  predic9ons	  with	  quan9fied	  
uncertain9es	  

"  Improve	  nuclear	  energy	  density	  func9onals	  used	  in	  
extensive	  applica9ons	  such	  as	  fission	  calcula9ons	  

"  Demonstrate	  the	  predic9ve	  power	  of	  ab	  ini,o	  nuclear	  
theory	  for	  exo9c	  nuclei	  with	  quan9fied	  uncertain9es	  

"  Guide	  future	  experiments	  at	  DOE-‐sponsored	  rare	  
isotope	  produc9on	  facili9es	  

1. Demonstrates	  predic9ve	  power	  of	  
ab	  ini,o	  nuclear	  structure	  theory.	  

2.  Provides	  results	  for	  next	  genera9on	  
nuclear	  energy	  density	  func9onals	  

3.  Leads	  to	  improved	  predic9ons	  for	  
astrophysical	  reac9ons	  

4. Demonstrates	  that	  the	  role	  of	  
three-‐nucleon	  (3N)	  interac9ons	  in	  
extreme	  neutron	  systems	  is	  
significantly	  weaker	  than	  predicted	  
from	  high-‐precision	  
phenomemological	  interac9ons	  

Accomplishments	  

Ab	  ini&o	  Extreme	  Neutron	  Ma2er	  

Comparison	  of	  ground	  state	  energies	  
of	  systems	  with	  N	  neutrons	  trapped	  
in	  a	  harmonic	  oscillator	  with	  
strength	  10	  MeV.	  	  Solid	  red	  
diamonds	  and	  blue	  dots	  signify	  new	  
results	  with	  two-‐nucleon	  (NN)	  plus	  
three-‐nucleon	  (3N)	  interac,ons	  
derived	  from	  chiral	  effec,ve	  field	  
theory	  related	  to	  QCD.	  Inset	  displays	  
the	  ra,o	  of	  NN+3N	  to	  NN	  alone	  for	  
the	  different	  interac,ons.	  Note	  that	  
with	  increasing	  N,	  the	  chiral	  
predic,ons	  lie	  between	  results	  from	  
different	  high-‐precision	  
phenomenological	  interac,ons,	  i.e.	  
between	  AV8’+UIX	  and	  AV8’+IL7.	  

References:	  P.	  Maris,	  J.P.	  Vary,	  S.	  Gandolfi,	  J.	  Carlson,	  S.C.	  
Pieper,	  Phys.	  Rev.	  C87,	  054318	  (2013);	  H.	  Poaer,	  S.	  Fischer,	  	  
P.	  Maris,	  J.P.	  Vary,	  S.	  Binder,	  A.	  Calci,	  J.	  Langhammer	  and	  
R.Roth,	  arXiv:1406.1160;	  Contact:	  	  jvary@iastate.edu	  
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H.D.	  Poaer,	  PhD	  project,	  Iowa	  State	  University	  
Iowa	  State	  –	  Darmstadt	  Collabora9on;	  arXiv	  1406:1160	  

Neutron	  drops	  in	  10	  MeV	  harmonic	  trap	  	  
with	  Chiral	  NN	  and	  Chiral	  NN	  +	  3N	  interac9ons	  



Observables	  in	  light	  nuclei	  known	  to	  be	  sensi,ve	  to	  3NFs	  
based	  on	  chiral	  NN	  (N3LO)	  +	  3N	  (N2LO)	  [Lambda	  =	  500	  MeV]	  
	  
Binding	  energies	  (through	  Oxygen)and	  subshell	  closures	  (through	  Calcium)	  
Spectral	  proper9es	  having	  spin-‐orbit	  sensi9vity	  
Electroweak	  moments	  and	  transi9ons	  (M1,	  E2,	  F,	  GT}	  
Ra9o	  of	  B(E2)’s	  [GS	  -‐>	  11+	  over	  GS	  -‐>	  12+]	  in	  10B	  
10B	  ground	  state	  spin	  
14C	  anomalous	  half-‐life	  	  

Established	  challenges	  –	  possible	  roles	  for	  improved	  3NFs	  (LENPIC)	  
	  
Gaps	  between	  natural	  &	  unnatural	  parity	  spectra	  
The	  energy	  of	  	  J	  =	  1+,	  T=0	  state	  in	  12C	  	  
Two	  low-‐lying	  2+	  states	  in	  10Be	  with	  radically	  different	  B(E2)’s	  
Level	  crossing	  of	  J	  =	  5/2	  and	  J	  =	  1/2	  	  states	  in	  9Be	  
Spectra	  of	  14N	  
Overbinding	  of	  Ca	  isotopes	  and	  above	  
RMS	  radii	  too	  small	  in	  ~all	  nuclei	  above	  4He	  
Extra	  GT	  transi9ons	  (intruders,	  clusters,	  .	  .	  .)	  in	  p-‐shell	  nuclei	  
How	  JISP16	  and	  NNLO_opt	  are	  able	  to	  simulate	  	  3NF	  effects	  



H 

PHeffP	  
 

PHeffQ	  =	  0	  

QHeffP	  	  
	  	  =	  0	  

QHeffQ	  

P Q 

P 

Q 

Nmax 

The “double Lee-Suzuki transform” for valence Heff 

P’H’EFFP’ 
Nmax=0 



Aim: Regain valence-core separation 
but retain full ab initio NCSM 	

	

=> “Double OLS” Approach	

	

Now extend to s-d shell the 
successful p-shell applications	

	

p-shell application: 	

A.  F. Lisetskiy, B. R. Barrett, 	

M. K. G. Kruse, P. Navratil, 	

I. Stetcu,  J. P. Vary,  	

Phys. Rev. C. 78, 044302 (2008); 
arXiv:0808.2187 	

	

	

	

	

	

	


Preliminary Results	


Excellent	

Spectral	
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Total Binding	

Energies!	




•  Basic	  idea:	  solve	  generalized	  wave	  eq.	  for	  quantum	  field	  evolu9on	  

	  

	  
	  
	  
•  Time:	  	  	  	  

•  Hamiltonian:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  On-‐shell	  condi9on:	  
	  	  

Basis	  Light-‐Front	  Quan9za9on	  Approach	  

i ∂
∂x+

ϕ(x+ ) = P+ ϕ(x
+ )i ∂

∂t
ϕ(t) = H ϕ(t)2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a
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2D Forms of Hamiltonian Dynamics
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t ≡ x0 t ≡ x+ = x0 + x3

H ≡ P0 H ≡ P+ =
P0 −P3

2

P0 = m2 +P⊥
2 +P3

2 P+ =
m2 +P⊥

2

2P+

[Dirac	  1949]	  

equal	  9me	  quan9za9on	  	  	  	  	  	  	  	  	  	  	  	  	  	  vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  light	  front	  quan9za9on	  	  

Derived	  from	  
Lagrangian	  with	  
gauge	  fixing	  



QED & QCD	


QCD	


Light Front (LF) Hamiltonian defined by its	

elementary vertices in LF gauge	






Discretized Light Cone Quantization 	

Pauli	  &	  Brodsky	  c1985	  

Basis Light Front Quantization*	


  

� 

φ
 
x ( ) = fα

 
x ( )aα

+ + fα
*  x ( )aα[ ]

α
∑

where aα{ } satisfy usual (anti-) commutation rules.

Furthermore, fα
 
x ( ) are arbitrary except for conditions :

                            fα
 
x ( ) fα '

*  x ( )d3x∫ = δαα '

                            fα
 
x ( ) fα

*  x '( )
α
∑ = δ 3  x −

 
x '( )

=> Wide range of choices for          and our initial choice is 	
  

� 

fa
 
x ( )

  

� 

fα
 x ( ) = Neik + x −

Ψn ,m (ρ,ϕ) = Neik + x −

fn ,m (ρ)χ m (ϕ)

Orthonormal:	

	


Complete:	


*J.P.	  Vary,	  H.	  Honkanen,	  J.	  Li,	  P.	  Maris,	  S.J.	  Brodsky,	  A.	  Harindranath,	  G.F.	  de	  Teramond,	  	  
P.	  Sternberg,	  E.G.	  Ng	  and	  C.	  Yang,	  PRC	  81,	  035205	  (2010).	  ArXiv:0905:1411	  



Set of transverse 2D HO modes for n=0	


m=0	
 m=1	
 m=2	


m=3	
 m=4	


J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath,  
G.F. de Teramond, P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010). 
ArXiv:0905:1411 



•  Space-‐9me	  structure	  

	  

•  Two	  effects:	  accelera9on	  and	  radia9on	  
	  

tBLFQ:	  Nonlinear	  Compton	  Scaaering	  

x−

85	  
Xingbo	  Zhao,	  Anton	  Ilderton,	  Pieter	  Maris	  and	  James	  P.	  Vary,	  Phys.	  Rev.	  D	  88,	  065014	  (2013);	  
arXiv	  1303.3237;	  and	  Phys.	  Leas	  B	  726,	  856	  (2013);	  arXiv	  1309.5338	  	  
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FIG. 6. (Color online) Time evolution of the single electron system in the laser field. From top to bottom, the panels in
each row successively correspond to lightfront-time x

+=0, 0.2, 0.4, 0.6MeV�1 (the laser field is switched on at x

+=0). Each
dot on these plots stands for a tBLFQ basis state. Y-axis is the probability for the tBLFQ basis state |c

�

(x+)|2 and x-axis
is its corresponding invariant mass M

�

. The panels on the left (with y-axis up to 1.1) illustrate the evolution of the single
electron (ground) states in K=1.5, 3.5, 5.5 segments respectively and the panels on the right with y-axis “zoomed-in” show
the evolution of various electron-photon (excited) states. The electromagnetic coupling constant ↵=e

2

/(4⇡) is 1/137.

as a function of time. The increase of the invariant mass with time reflects the fact that energy is pumped into the

•  Accelera9on	  and	  radia9on	  are	  treated	  in	  the	  same	  Hilbert	  space	  
•  En9re	  process	  is	  nonperturba9ve	  (ini9al	  state	  changes	  significantly)	  

Results:	  Nonlinear	  Compton	  Scaaering	  
single	  e	  states	  in	  K=1.5,3.5,5.5	  segments	   eγ	  states	  in	  K=1.5,3.5,5.5	  segments	  
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FIG. 6. (Color online) Time evolution of the single electron system in the laser field. From top to bottom, the panels in each
row successively correspond to lightfront-time x

+=0, 0.2, 0.4, 0.6MeV�1 (the laser field is switched on at x

+=0). Each dot
on these plots stands for a tBLFQ basis state. Y-axis is the probability for the tBLFQ basis state |c

�

(x+)|2 and x-axis is its
corresponding invariant mass M . The panels on the left (with y-axis up to 1.1) illustrate the evolution of the single electron
(ground) states in K=1.5, 3.5, 5.5 segments respectively and the panels on the right with y-axis “zoomed-in” show the evolution
of various electron-photon (excited) states.

the probability of the electron to remain in its ground
state (K = 1.5) is further decreased, the probability of
it being accelerated (to K = 3.5) is increased, and that
the K = 5.5 single electron state becomes populated.
In the right hand panel, the electron-photon states in
the K = 5.5 segment also become populated as a result

of the second transitions. A second peak arises here at
the invariant mass of around 1 MeV (⇠

p
5.5 ⇥ m2

e/1.5),
distinct from that formed by the K = 3.5 electron-photon
states from the first transitions (at ⇠

p
3.5 ⇥ m2

e/1.5).
The peak location is highest in the K = 5.5 segment
simply because they follow from the initial state being

X.	  Zhao,	  	  A.	  Ilderton,	  P.	  Maris,	  J.P.	  Vary	  PRD	  88	  065014	  (2013)	  



tBLFQ:	  Nonlinear	  Compton	  Scaaering	  
Average	  invariant	  mass	  depends	  on	  exposure	  9me	  

x−

87	  
Xingbo	  Zhao,	  Anton	  Ilderton,	  Pieter	  Maris	  and	  James	  P.	  Vary,	  Phys.	  Rev.	  D	  88,	  065014	  (2013);	  
arXiv	  1303.3237;	  and	  Phys.	  Leas	  B	  726,	  856	  (2013);	  arXiv	  1309.5338	  	  

0 100 200 300 400
0.0

0.2

0.4

0.6

0.8

1.0

exposure time x+ IMeV-1M

XM\
-

m
e
HkeV
L



Positronium*in*BLFQ*

•  Fock*sector*trunca3on:*
– Fermion*self7energy*neglected*

•  Spectrum:*
– α=0.3*
– K=Nmax=19*
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on the ultraviolet cuto⇥ of the theory [31, 32, 35]. Both
Refs. [31, 35] state that the origin of the instability can
be traced to a particular term in the e⇥ective interac-
tion (or one-photon exchange kernel) which tends to a
non-zero constant (in momentum space) at asymptoti-
cally large momentum transfer, corresponding to a Dirac
delta potential in coordinate space. Since the 2D Dirac
delta potential well has no bound states of finite binding
energy [36], this leads to a divergence.

Ref. [31] argues that this divergent piece of the e⇥ec-
tive interaction will be cancelled when higher Fock sec-
tors are included. They therefore suggest that by simply
dropping this term, one would obtain a sensible one pho-
ton exchange model for positronium on the light-front.
Specifically, they suggest modifying the spinor part of
the interaction:

S ⇥ S � 2

⇤
p2
rel

x1x2
+

p⇥2
rel

x⇥
1x

⇥
2

⌅
⇥
s�1
s1 ⇥

s�2
s2 (⇥

+
s1⇥

�
s2 + ⇥�s1⇥

+
s2), (23)

where si = ± represents the fermion spin. In single-
particle coordinates, we have prel = x2p1 � x1p2 and
p⇥
rel = x⇥

2p
⇥
1 � x⇥

1p
⇥
2. If one carefully examines our ex-

pression for the spinor part (given in the Appendix), one
finds the same term (with opposite sign), only expressed
in single-particle coordinates, and therefore also contain-
ing a CM piece.

We note that, in our longitudinal momentum weighted
coordinates, the modification can be expressed conve-
niently as

S ⇥ S � 2
�
q2
rel+q⇥2

rel

⇥
⇥
s�1
s1 ⇥

s�2
s2 (⇥

+
s1⇥

�
s2 + ⇥�s1⇥

+
s2) (24)

where qrel =
⇤
x2q1�

⇤
x1q2 and q⇥

rel =
⇧

x⇥
2q

⇥
1�

⇧
x⇥
1q

⇥
2.

Using this “modified” interaction, Ref. [31] finds that
the results depend less strongly on �UV and are in rea-
sonable agreement with the predictions of non-relativistic
quantum mechanics.

In the next section, we will examine the convergence
of both the “modified” and “unmodified” e⇥ective inter-
actions.

IV. NUMERICAL RESULTS

In non-relativistic Quantum Mechanics, the hyperfine
splitting between the 1S0 and 3S1 states of positronium
scales as �4, where � is the fine structure constant. At
physical coupling, the expected hyperfine splitting and
even the binding energy are then uncomfortably small
relative to the precision of our numerical integrals. Since
we would like to use the hyperfine splitting to test our
BLFQ results, we use a large coupling of � = 0.3 to
exaggerate both the binding energy and the hyperfine
splitting. We then compare our results not to experi-
ment, but to the predictions of non-relativistic Quantum
Mechanics at this unphysical value of �. This value of �
also allows a direct comparison to the DLCQ results of
Ref. [31, 32].

The numerical results were obtained using the Hopper
Cray XE6 and Edison Cray XC30 at NERSC. ScaLA-
PACK software [37] was used for the diagonalization. In
this particular implementation of BLFQ, the resulting
matrix is quite dense. However, in future applications
involving multiple Fock sectors, the matrix will be ex-
tremely sparse.
We obtain exact CM factorization for both the modi-

fied and unmodified interactions. The spurious CM mo-
tion is removed by using a Lagrange multiplier, as dis-
cussed in Sec. II C, so that all states shown below are in
the ground state of CM motion.

A. Spectrum
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FIG. 1: Representative spectrum of positronium (� = 0.3)
calculated in BLFQ at K = Nmax = 19 and b0 = µ = 0.1mf ,
using the unmodified (top) and modified (bottom) e�ective
interactions. The exact energies shown should not be inter-
preted as final converged results. Using the unmodified inter-
action (top), the approximate rotational invariance allows for
the clear identification of the 11S0, 1

3S1, 2
1S0, 2

3S1, 2
1P1,

23P0, 23P1 and 23P2 states of the positronium system (see
text for details). Using the modified interaction (bottom),
the approximate rotational invariance is more strongly bro-
ken.
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Of course HLC , being field theoretical in origin, con-
tains terms which change particle number. Thus the ba-
sis space for performing a diagonalization must be ex-
panded to include states with any number or species of
particles. For example, the positronium wavefunction
could be expressed schematically as
⇥⇥e+e�

�
phys

= a
⇥⇥e+e�

�
+ b
⇥⇥e+e��

�
+ c
⇥⇥e+e���

�

+ d |�⌥+ f
⇥⇥e+e�e+e�

�
+ · · · . (2)

WhenHLC is derived from the QED or QCD Lagrangian,
the resulting interactions change particle number by at
most two. The resulting matrix will then be extremely
sparse for a many-body calculation.

A. Basis and Truncation Scheme

In order to numerically diagonalize HLC , the infinite
dimensional basis must be truncated down to a finite di-
mension. In BLFQ, three separate truncations are made.

First, the number of Fock sectors in the basis is trun-
cated. This truncation will be based on physical as well
as practical considerations. For instance, positronium is
expected to be fairly well described by the lowest few sec-
tors. Thus, in this introductory work, we limit ourselves
to only the |e+e�⌥ and |e+e��⌥ sectors. We do not make
any attempt here to examine the limit of increasing the
number of Fock sectors.

Secondly, we discretize the longitudinal momentum by
putting our system in a longitudinal box of length L and
applying periodic boundary conditions (BCs). Specifi-
cally, we choose periodic BCs for bosons and anti-periodic
BCs for fermions. Thus

p+ =
2⇥

L
j, (3)

where j is an integer for bosons, or a half-integer for
fermions. For bosons, we exclude the “zero modes”, i.e.
j ⌃= 0. In the many-body basis, all basis states are se-
lected to have the same total longitudinal momentum
P+ =

 
i p

+
i , where the sum is over the particles in a

particular basis state. We then parameterize P+ using a
dimensionless variable K =

 
i ji such that P+ = 2�

L K.
For a given particle i, the longitudinal momentum frac-
tion x is defined as

xi =
p+i
P+

=
ji
K

. (4)

Due to the positivity of longitudinal momenta on the
light-front [3], fixing K also serves as a Fock space cuto⇤
and makes the number of longitudinal modes finite [17].
It is easy to see thatK determines our “resolution” in the
longitudinal direction, and thus our resolution on parton
distribution functions. The longitudinal continuum limit
corresponds to the limit L,K ⌅ ⇧.

Finally, in the transverse direction, we employ a 2D
Harmonic Oscillator (HO) basis. On the light-front, the

generating operator for the 2D HO basis can be expressed
as

P�
+ =
⌦

i

⇧
p2
i

2p+i
+

⇥2

2
p+i r

2
i

⌃

=
⇥

2

⌦

i

⇧
p2
i

xiP+⇥
+ xiP

+⇥r2i

⌃
. (5)

Here, and elsewhere, the boldface type is reserved for 2D
transverse vectors. Each value of ⇥ in (5) determines a
unique complete and orthonormal basis. By defining the
new coordinates [15]

q ⇥ p�
x
,

s ⇥
�
xr, (6)

we can write the generating operator as

P�
+ =

⇥

2

⌦

i

⌥⇧
qi�
P+⇥

⌃2

+
⇤�

P+⇥ si
⌅2
�
. (7)

We see that P�
+ generates a basis of energy scale b =�

P+⇥. In this work, we use Eq. (7) to define the 2D
HO basis states. The momentum-space eigenfunctions of
Eq. (7) are

�m
n (q) =

1

b

↵
4⇥ � n!

(n+ |m|)!e
im⇤⇤|m|e�⇥2/2L|m|

n (⇤2), (8)

where ⇤ ⇥ |q|
b and ⌅ = arg(q). Lm

n (x) is the generalized
(or “associated”) Laguerre polynomial.
The basis is made finite by restricting the number of

allowed oscillator quanta in each many-body basis state
according to

⌦

i

(2ni + |mi|+ 1) ⇤ Nmax. (9)

The transverse continuum limit corresponds to Nmax ⌅
⇧. In addition, we use an “M-scheme” basis. That is,
our many body states have well defined values of the total
angular momentum projection

MJ =
⌦

i

(mi + si) , (10)

where s = ± 1
2 is the fermion spin, but they do not have

a well-defined total angular momentum J .
The choice of the 2D HO basis for BLFQ was made

with the hadrons in mind. The HO potential is a con-
fining potential, and therefore its wavefunctions should
form an ideal basis for systems subject to QCD confine-
ment. However, it is well known that the HO basis is not
ideal for the Coulomb problem, due to the mismatch of
the asymptotic behaviors of the wavefunctions (see, for
example, Ref. [18]): the HO wavefunctions have Gaus-
sian tails, while the hydrogen wavefunctions have a slower
exponential decay. We therefore expect slow convergence
in the positronium problem.

1S*

2S*

2P*
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Lowest	  8	  states	  obtained	  	  
as	  expected.	  	  Addi9onal	  
higher	  states	  not	  ploaed.	  
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# Hardware	  advances:	  Moore’s	  Law	  
# Theory/Algorithms/So}ware	  advances:	  Doubles	  Moore’s	  Law	  

Discovery	  poten9al	  increases	  geometrically	  
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Tianhe II: 34 Petaflops 
3.1 million cores 

Role of  Supercomputers 



Titan at Oak Ridge National Laboratory is the world's second most 
powerful supercomputer with a theoretical peak performance exceeding 
20 petaflops (quadrillion calculations per second).  
 
That kind of computational capability—almost unimaginable—is on par 
with each of the world's 7 billion people being able to carry out 3 million 
calculations per second.  
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Low Energy NP Application Areas 
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AGFMC:  Argonne 
Green’s Function 
Monte Carlo 

262,144 cores  
@ 10 hrs 

Mira 
    X           

MFDn:  Many 
Fermion Dynamics - 
nuclear 

260K cores @ 4 hrs  
500K cores @ 1.33 

hrs 

Titan 
Mira   X             

NUCCOR:  Nuclear 
Coupled-Cluster Oak 
Ridge, m-scheme & 
spherical 

100K cores @ 5 hrs 
(1 nucleus, multiple 

parameters) 

Titan 

  X             

DFT Code Suite:  
Density Functional 
Theory, mean-field 
methods 

100K cores @  
10 hrs 

(entire mass table, fission 
barriers) 

Titan 

X               

MADNESS:  
Schroedinger, 
Lippman-Schwinger 
and DFT 

40,000 cores @ 12 
hrs (extreme asymmetric 

functions) 

Titan 

X X             

NCSM_RGM:  
Resonating Group 
Method for scattering 

98,304 cores @ 8 hrs Titan 
X X             

•  Ab initio Methods (CC, GFMC, NCSM) $pushing 
the limits to calculate larger nuclei 

•  Density Functional Theory $ reasonable time to 
solution to calculate the entire mass table 
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Many outstanding nuclear physics puzzles 	

and discovery opportunities	


	

Clustering phenomena	


Origin of the successful nuclear shell model	

Nuclear reactions and breakup	


Astrophysical r/p processes & drip lines	

Predictive theory of fission	


Existence/stability of superheavy nuclei	

Physics beyond the Standard Model	


Possible lepton number violation	

Spin content of the proton	


+ Many More!	

	




	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Conclusions/Outlook	  
	  
%  Impressive	  recent	  progress	  in	  deriving	  NN	  and	  NNN	  interac9ons	  from	  QCD	  

% Much	  work	  needs	  to	  be	  done	  to	  improve	  upon	  these	  interac9ons	  and	  the	  
	  many-‐body	  	  approaches	  that	  employ	  them	  

% We	  will	  con9nue	  to	  apply	  these	  interac9ons	  to	  nuclei	  as	  they	  are	  developed	  
	  
%  Collabora9ons	  of	  Chiral	  EFT	  theorists	  and	  ab-‐ini9o	  many-‐body	  theorists	  needed	  

	  to	  improve	  the	  proper9es	  of	  the	  Chiral	  EFT	  interac9ons	  	  

%  Collabora9ons	  of	  nuclear	  theorists	  with	  computer	  scien9sts	  	  
	  and	  applied	  mathema9cians	  must	  con9nue	  

%  Increasing	  computa9onal	  resources	  needed	  (3NFs,	  4NFs	  are	  major	  challenges)	  

%  Increased	  manpower	  needed	  to	  achieve	  these	  goals	  in	  larger	  collabora9ng	  teams	  
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